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Abstract

We examine the empirical content of a large class of dynamic matching models of the labor market with
ex-ante heterogeneous firms and workers, symmetric uncertainty and learning about workers’ produc-
tivity, and firms’ monopsony power. We allow workers’ human capital, acquired before and after entry
into the labor market, to be general across firms to varying degrees. Such a framework nests and extends
known models of worker turnover across firms, occupational choice, wage growth, wage differentials
across occupations, firms, and industries, and wage dispersion across workers and over the life cycle.
We establish intuitive conditions under which the model primitives are semiparametrically identified
solely from data on workers’ wages and jobs, despite the dynamics of these models giving rise to
complex patterns of selection based on endogenously time-varying observable and unobservable char-
acteristics of workers and firms.By relying on this identification argument, we develop a constructive
estimator of the model primitives, which builds on common methods for mixture and extremal quantile
regression models and displays standard properties. Through the lens of this framework, we investigate
how well typical empirical wage measures of matching assortativeness and firms’ wage-setting power
detect the degrees of sorting and monopsony power in the labor market, respectively. We show that
usual measures of sorting severely understate its importance because they ignore the option value of
worker human capital and the information about worker productivity acquired through employment,
in terms of higher future wages and improved future sorting, which is priced into current wages thus
depressing them. We also demonstrate how the markdown of wages relative to output largely over-
states firms’ labor market power by ignoring that this option value, which captures future returns from
acquired human capital and information, generally lowers wages. We find evidence of both of these fea-
tures in U.S. data by documenting a strong degree of labor market sorting once appropriately measured
and, correspondingly, a lower degree of firm monopsony power than typically documented.
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1 Introduction

Matching models of the labor market have been extensively used in the labor and macro economics
literature to study a wide range of phenomena, including workers’ occupational choice and turnover
across firms, wage growth, wage differentials across occupations, firms, and industries, and wage
inequality across workers and over the life cycle. At their core, these models interpret workers’
career paths as the outcome of two key processes that take place as labor market experience accu-
mulates: the acquisition of new human capital by workers and the gradual learning about workers’
true productivity, which may be unknown to both workers and firms when workers first enter the
labor market. Both of these processes lead workers to progressively match with the jobs and firms at
which they are most productive, as workers’ true and perceived productivity evolve over time.

This framework for careers and labor market sorting nests numerous models: classic ones of hu-
man capital acquisition and wage growth (Mincer, |1958, |1974; Ben-Porath, 1967} Becker, 1975);
of learning and worker turnover (Jovanovic, |1979; Flinn, 1986); of static (Heckman and Honoré,
1990) and dynamic occupational choice without learning (Keane and Wolpin, |1997) and with learn-
ing (Miller, |1984); of wage dispersion across individuals and over time (Farber and Gibbons, |1996;
Altonji and Pierret, [2001) and of wage differentials across occupations and industries (Gibbons et al.}
2005} (Gibbons and Waldman), 2006) due to human capital acquisition and learning; and many others
extending these models(Jovanovic and Nyarko, |1997;|Gibbons and Waldman, |1999a.b; Langel |2007;
Nagypal, 2007; Antonovics and Golan, |[2012; Kahn and Lange, [2014; Pastorino, 2024). See Gibbons
and Waldman| (1999a) and Rubinstein and Weiss| (2006) for reviews emphasizing the central role of
learning about workers’ productivity in determining job mobility, wage growth, and wage dispersion.

Despite the widespread use of these models to gauge the determinants of job mobility and wage
inequality, their identification is difficult to establish for three well-understood reasons. First, as
workers accumulate human capital and information about productivity through employment, their
career paths emerge from a complex process of dynamic selection into jobs. This process is shaped
by multiple worker and firm characteristics—serially correlated, endogenously time-varying, and
mostly unobserved—that both capture the stocks of acquired human capital and information at each
point in time and govern their subsequent evolution. Second, occupation, firm, and industry choices
are by their very nature discrete, leading to the standard challenge of dynamic discrete choice mod-
els, which are known to be nonparametrically underidentified even when state variables are observed
(Rust, [1994; Magnac and Thesmar, 2002). Third, since workers and firms decide on matches by
intertemporally trading off the benefits and costs of alternative job opportunities, wages are typi-
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cally highly nonlinear functions of these unobserved variables, which makes standard methods for
fixed-effect or even interactive fixed-effect models inadequate (Bonhomme et al.,|2019; Freyberger,
2018)). For instance, workers may initially choose jobs at which they are less productive but that offer
better opportunities to acquire new skills or learn about their ability, leading to higher future wages.
In a competitive enough labor market, arbitrage then implies that equilibrium wages reflect the rel-
ative option value of human capital and information prospects across employment alternatives. This
value is highest at intermediate levels of human capital and information, when new human capital or
information may induce workers and firms to make different employment and wage decisions, yield-
ing in general nonmonotone, and so nonlinear, wage patterns in unobservables. The inference about
the primitive sources of wage inequality is further complicated by firm monopsony power, which
leads to substantial deviations of wages from worker productivity (Seegmiller, 2021; Lamadon et al.,
2022; |Berger et al., 2026)) that may vary across workers and over time, yet is often overlooked in the
literature, which largely relies on single-agent or perfectly competitive models of the labor market.
In this paper, we examine the empirical content of this general class of dynamic models with
ex-ante heterogeneous workers, human capital acquisition, and symmetric uncertainty and learning
about workers’ productivity, which we augment to incorporate imperfect labor market competition
and the resulting firm monopsony power. We establish a novel result on their identification using
data on only workers’ jobs and wages. Our arguments rest on simple conditions that accommodate
arbitrary patterns of selection on endogenously time-varying unobservables, are easy to verify, and
lead to constructive estimators of the model primitives that are readily implementable using common
methods for mixture models and static sample-selection models. Finally, we estimate our model on
U.S. data. Two key findings emerge. First, standard measures of labor market sorting can understate
its extent even in highly unequal labor markets—helping to resolve the long-standing puzzle of low
measured sorting despite high wage dispersion—when they ignore that job and wage mobility are
shaped by the dynamic acquisition of human capital by workers and of information about worker
productivity, whose value is reflected in future wages but discounted in current wages.Our estimates
suggest much stronger sorting when measured accordingly. Second, by this mechanism, wage mark-
downs are a poor proxy for monopsony power. Low wage-to-output ratios arise even with intense
competition, because the option value of future high wages is priced into current wages, lowering
them.Typical markdown measures that abstract from this force overstate firms’ wage-setting power.
Formally, we study a broad class of non-stationary dynamic matching models in which a finite

number of heterogeneous firms compete a la Bertrand for workers in each period over a discrete



time horizon of either finite or infinite lengthE] Workers differ in three dimensions: their initial and
acquired human capital, observed by model agents, with only the initial component observed by the
econometrician; efficiency, a time-invariant characteristic observed by model agents but unobserved
by the econometrician; and ability, a time-invariant characteristic initially unobserved by both model
agents and the econometrician, which is gradually learned by model agents as experience accumu-
lates. Firms differ in three dimensions observed by model agents but unobserved by the econometri-
cian: their output technology—how labor produces output; human capital technology—how experi-
ence in the labor market and at specific firms generates new skills; and information technology—how
output provides information about workers’ ability. For example, the “stepping-stone” job of junior
resident, at which a physician may not be very productive in terms of current output, may allow the
physician to acquire substantial human capital or information about ability. Conversely, the “star” job
of CEOQ, at which a manager may be highly productive, may provide little additional human capital
and, due to the confounding effect of market forces, little new information about ability. As is stan-
dard in the literature, since human capital, efficiency, and ability stochastically map into a worker’s
output, which is observed by firms and workers, output provides a noisy signal (performance) about
a worker’s ability that firms and workers use to update their common beliefs about it.

We characterize the set of Markov perfect equilibria in this setting. We show that equilibrium
wages equal the sum of a worker’s expected one-period output at the firm offering the worker the
second-highest expected present discounted value of wages in a period—the second-best firm, as
in a second-price auction—and a compensating differential. This term amounts to either a premium
for the foregone opportunity to acquire human capital and information at the second-best firm or a
discount for the superior opportunity to acquire human capital and information at the first-best firm.

Econometrically, our framework can be viewed as an equilibrium dynamic generalized Roy
model in which workers select into jobs based on multiple unobservables: time-varying, serially un-
correlated idiosyncratic productivity shocks; time-invariant worker efficiency; and firm and worker
beliefs about worker ability, which are time-varying, serially correlated, and endogenously evolving
with workers’ past job choices. Together with firm technologies, worker efficiency and beliefs about
ability determine both expected output and the compensating-differential component of wages. The
latter, as argued, is nonlinear and nonseparable in worker efficiency, beliefs about ability, and the
characteristics of firm technologies, as it captures the endogenous difference in wage returns from

tomorrow onward between accepting a job today at the employing firm and at the second-best firm.

"Bertrand price competition provides an appealing approach to monopsony markets with differentiated labor inputs,
since it allows for a nontrivial and flexible sharing rule of the surplus from a firm-worker match without the need for any
of the additional parameters that, say, typical bargaining setups require, such as bargaining weights or haggling costs.
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The econometric literature on Roy models provides well-known techniques to address selec-
tion on unobservables. Addressing selection on the other two unobserved dimensions central to our
setting—worker efficiency and beliefs—requires a different identification strategy, though. Our ap-
proach combines classic arguments that rely on extremal quantiles of observed wages to control for
selection on productivity shocks—what we refer to as the extremal quantile step—with a first step
that identifies a mixture representation of the wage process to control for selection on worker effi-
ciency and beliefs—what we refer to as the mixture step. The logic is as follows. We first represent
the wage distribution, conditional on a worker’s job history, current job choice, and initial human
capital, as a mixture over latent worker classes indexed by a worker’s efficiency and history of per-
formance (and so beliefs). We recover mixture components and weights by exploiting a recent result
by |Aragam et al.| (2020), which provides mild conditions for identification: the wage mixture must
admit a clusterable finite-mixture representation. That is, it must be expressible as a finite mixture
whose components are sufficiently distinct—and thus clusterable in the precise sense defined by
Aragam et al. (2020)—to be identifiable. A canonical and widely used example of this class is a
finite mixture of continuous mixtures of Normals, with means and variances that sufficiently differ
across components, as shown by Bruni and Koch| (1985) and |Aragam et al.| (2020). As continuous
mixtures of Normals approximate any distribution arbitrarily well (Nguyen and McLachlan, 2019),
we view the restriction to a clusterable finite-mixture representation as minimal. In particular, this
class is well suited to modeling the selection-contaminated mixture distributions that arise in com-
plex settings like ours in which workers dynamically sort into jobs based on multiple unobservables.

We next use the recovered mixture weights to identify the initial distribution and the law of
motion of the state, in particular the joint distribution of worker efficiency and initial beliefs about
ability, and how beliefs evolve over time. As experience accumulates, mixture weights also encode
the distribution of employment histories across all possible observed and unobserved characteristics
of workers and firms, pinning down conditional choice probabilities. Likewise, mixture components
identify the wage distributions associated with each combination of worker and firm characteristics.
Lastly, the extremal quantile step resolves the remaining selection on productivity shocks, yielding
the deterministic component of potential wages and, in turn, expected output, the compensating
differential in wages, the human capital function, and the distribution of productivity shocks.

This two-step identification strategy also leads to a natural estimator that combines standard finite
mixture-model methods, such as maximum likelihood, with extremal quantile regression methods

(Chernozhukov, 2005; D’ Haultfoeuille et al., 2018). We exploit this econometric approach to mea-



sure labor market sorting, firms’ monopsony power, and their implications for U.S. wage inequal-
ity. The most popular framework for measuring sorting is that of /Abowd et al.| (1999)—hereafter,
AKM—which decomposes wages into additively separable unobserved worker and firm fixed ef-
fects, observed covariates, and residual shocks. The contribution of worker-firm sorting to wage in-
equality is then summarized by the fraction of wage variance attributable to the covariance between
worker and firm effects. Empirical findings based on this framework typically point to a limited role
for sorting, as this covariance component accounts for only a small share of overall wage dispersion;
see (Card et al.| (2013) and Song et al. (2019)E] We argue that neither using nor interpreting AKM es-
timates is straightforward in our class of models for two reasons. First, when firms have wage-setting
power, wages reflect a worker’s best outside option—and so (expected match) output at the second-
best firm—rather than output at the employing firm. As a result, the AKM covariance statistic can be
disconnected from the output complementarities that determine sorting, thus providing an inaccurate
measure of it. Second, and more importantly, wages include a compensating differential that captures
the dynamic value of human capital and learning opportunities across competing firms. As this term
is nonlinear and nonseparable in worker and firm attributes, omitting it induces a misspecification
that biases estimated worker and firm effects and, in turn, the estimated AKM covariance statistic.

A similar concern arises when measuring monopsony power. Firms’ wage-setting power is of-
ten inferred from the wage markdown, defined as the ratio of wages to workers’ output, with low
wage-to-output ratios interpreted as evidence of weak firm competition (Seegmiller, 2021; Yeh et al.,
2022 |Lamadon et al., 2022). In our setting, however, the wage markdown is not directly informative
about monopsony power because it conflates firms’ wage-setting power with the endogenous option
value, in terms of future wage returns, of the human capital and the information about ability ac-
quired through employment, which is embedded in the equilibrium wage process precisely due to
the competition among firms for workers. Namely, wages include a compensating differential cap-
turing the future value of workers’ current investment decisions, which moves current wages below
or above current output and changes over the life cycle as the opportunities for investments in human
capital and information, and their returns, change. Hence, wage-to-output ratios can substantially
vary across workers and over time for reasons unrelated to any labor market distortions.

To shed light on this mechanism, especially on the role of the compensating differential in wages,
we provide both simulation-based and empirical evidence. We first simulate an economy illustrat-

ing key features of our class of models. We choose values for the model parameters to reproduce

ZBonhomme et al.[(2023) show that correcting AKM estimates for limited-mobility bias tends to raise the covariance
component attributable to sorting, but it still accounts for a small portion of measured wage inequality.
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the distribution of wages from the Panel Study of Income Dynamics (PSID). Much like in a setting
with standard omitted-variable bias, our findings suggest that when the compensating differential is
mostly negative under the true data-generating process—so that workers match with firms offering
more valuable human capital and learning prospects than their competitors—the AKM covariance
statistic understates the impact of sorting on wage inequality. The reason is that omitting the compen-
sating differential removes a wage component that varies nonlinearly with worker and firm effects
and depresses wages, thereby attenuating the underlying worker-firm complementarity that can be
inferred from wages. This mechanism offers a structural interpretation for the recurrent and puzzling
empirical finding that AKM-based sorting measures are low even in labor markets characterized by
substantial wage dispersion, which canonical matching models would interpret as the outcome of a
strongly assortative matching process. Through the lens of our model, this disconnect arises because
the AKM decomposition omits a key component of wages—the compensating differential—thereby
biasing the inferred worker-firm covariance. By contrast, a direct output-based sorting measure, such
as an index of the supermodularity of output in worker and firm attributes, consistently reveals strong
complementarities between firms and workers, implying large gains from sorting that increase with
workers’ labor market experience and when learning frictions are reduced. Relative to a scenario in
which workers and firms randomly match, we find that sorting accounts for 45% of the variance of
wages, more than twice the contribution usually estimated by the AKM covariance statistic.

Turning to monopsony power, we document similar results. Holding the simulated economy
fixed, we re-estimate the wage equation on the same data but imposing gradually lower or higher
values of the compensating differential. The idea is to estimate a progressively more “misspecified”
wage equation in which the compensating differential is reduced or increased, mimicking what an
econometrician would estimate using a model that abstracts from, or amplifies, the human capital
and informational option value of employment at different firms. By forcing current wages below or
above current output, this misspecified model induces large shifts in both the level and the life-cycle
profile of the inferred wage markdown relative to its true level and profile, leading the econometri-
cian to incorrectly conclude that the degree of firm competition widely varies across the estimated
scenarios, even though the underlying labor market environment is unchanged. Taken together, these
findings suggest that a better measure of monopsony power is an intertemporal wage markdown
index that incorporates the full time path of the dynamic returns to employment.

Next, we estimate our model using U.S. matched employer-employee data from the Longitudinal

Employer-Household Dynamics (LEHD) dataset, which reports quarterly earnings for workers in 21



U.S. states from the mid-1990s through 2022. Our empirical results—currently awaiting approval
for disclosure from the U.S. Census Bureau—are qualitatively and quantitatively consistent with the
simulation evidence discussed. Overall, they underscore the importance of accounting for workers’
life-cycle investments in productivity and for the gradual discovery of their best matches across firms

and jobs when assessing the degree of labor market sorting and the extent of firm monopsony power.

Literature Review. Our work is related to a large literature on the estimation of human capital and
learning models, including Heckman (1976)), Cunha and Heckman| (2008), and Buchinsky et al.
(2010); see |(Gibbons and Waldman| (1999a)), Rubinstein and Weiss| (2006), and Keane et al.| (2017)
for reviews. Our paper is the first to provide formal identification arguments for dynamic matching
models in which workers differ in observed and unobserved (to model agents and the econometrician)
persistent characteristics and firms are heterogeneous in their output, human capital, and information
technologies and have monopsony power. For the identification of frictional competitive matching
models without the unobserved state dependence that human capital acquisition and learning give
rise to, see Eeckhout and Kircher (2011), Hagedorn et al. (2017), and |Lamadon et al.| (2026).

A large literature has investigated the empirical content of the static Roy model, including Cham-
berlain| (1986), Heckman| (1990), Heckman and Honoré¢| (1990), Ahn and Powell| (1993)), Das et al.
(2003)), Newey| (2009), and D’ Haultfoeuille and Maurel (2013). Our identification approach gener-
alizes existing arguments for extremal quantile regression models (Chernozhukov, [2005; [Sasaki and
Wang, 2024, 20235)) to account for selection on unobservables in dynamic generalized equilibrium
Roy models without exclusion restrictions. |D’Haultfoeuille and Maurel| (2013)) propose an identifi-
cation procedure for classic static Roy models in the absence of exclusion restrictions for thin-tailed
potential outcome distributions. By contrast, our approach accommodates wage and log-wage dis-
tributions with fat tails, such as the Pareto, lognormal, and Cauchy, which are relevant for plausibly
modeling wage distributions that are highly concentrated at the top, such as the U.S. one.

Much work has explored the identification of dynamic discrete choice models with correlated
unobserved states, including Kasahara and Shimotsu (2009), [Hu and Shum| (2012)), An et al.|(2013)),
Shiu and Hu| (2013), |[Hu et al. (2015), Berry and Compiani| (2023), |[Higgins and Jochmans| (2023)),
and Higgins and Jochmans (2024). This work either assumes time-invariant unobserved heterogene-
ity or allows for time-varying serially correlated heterogeneity but only under high-level restrictions
on endogenous variables such as monotonicity, specific distributional supports for unobserved vari-
ables relative to observed variables, or the availability of instruments. None of these conditions

applies to our setting. Thus, we proceed by exploiting the information provided by wages—a contin-
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uous outcome typically not used in this literature—which allows us to identify the law of motion of
unobserved state variables as well as conditional choice probabilities.

Our paper is also related to an extensive literature on sorting that builds on and extends the AKM
framework, such as Card et al.| (2013)), Card et al.| (2018), Bonhomme et al.| (2019), and Song et al.
(2019), and that emphasizes the importance of correcting AKM estimates to address bias due to
low mobility, including /Abowd et al.| (2004), |Andrews et al.| (2008, |2012), Kline et al.| (2020), and
Bonhomme et al.| (2023)). In our framework, in which human capital accumulation and learning about
ability play an important role, we show that the AKM estimates fail to capture sorting since additive
worker and firm effects in a traditional (log) wage regression confound nonlinearities, imperfect
firm competition, and the option value of future human capital accumulation and learning. A related
mismatch between measured worker and firm effects and types in the data-generating process arises
in|[Eeckhout and Kircher| (2011), Hagedorn et al. (2017) and, recently, |Borovicka and Shimer| (2024))
and |Lamadon et al. (2026)) because of search frictions. Similar to our paper, Eeckhout and Kircher
(2011) and Hagedorn et al.| (2017) argue that wages are nonmonotonic in firm types as they “reflect
the opportunity cost of mismatch” (Eeckhout and Kircher, 2011). Borovicka and Shimer (2024))
introduce “match-specific shocks” that generate selection, leading to identification challenges similar
to those we address. Finally, Lamadon et al.| (2026) incorporate compensating differentials for non-
pecuniary aspects of jobs. In our setting, current wages incorporate the option value of human capital
and information acquired on the job and reflected in future wages. Since compensating differentials
arise from the accumulation of human capital and information, which is absent in the work cited, we
can leverage the panel dimension of the data for identification purposes in a novel way.

Lastly, our paper connects to the literature on the identification of panel-data models with in-
teractive fixed effects without learning (Freyberger, 2018) and with learning (Bunting et al., [2024)
about worker characteristics. The wage equation typical of our class of models differs from the
outcome equation in those models in that unobservables endogenously affect wages in a nonlinear,
nonmonotone, and nonmultiplicative manner, which renders the use of interactive fixed-effect meth-
ods infeasible. Unlike those papers, we also allow for dynamic selection on multiple unobservables.

The rest of the paper is organized as follows. Section [2]introduces the model, Section [3| provides
an overview of our identification approach, Section [ describes the estimation procedure, Section [3|
discusses illustrative Monte Carlo exercises and our empirical application, and Section [6] concludes.
Appendix [A| contains additional tables and figures, Appendix [B| presents the formal identification

results, Appendix [C] further discusses AKM-type measures of sorting, Appendix D] proposes exten-



sions of our baseline identification arguments, and Appendix [E collects omitted proofs. In the Online
Supplementary Material, Appendix [Fprovides additional model details, Appendix[G|contains further

identification extensions, and Appendix [H|adapts our identification arguments to search models.

2 Setup

We consider a broad class of canonical non-stationary dynamic matching models of the labor market
in which a finite number of heterogeneous firms compete a la Bertrand for a large pool of workers in
each period over a discrete-time horizon of either finite or infinite length. As discussed, this class of
models nests many existing frameworks commonly used to study the determinants of occupational
choice, worker turnover, firm-worker sorting, wage growth, and wage inequality. Settings of strategic
information acquisition in markets for experience goods, in which consumers and firms learn about
consumers’ tastes for products over time and firms practice sophisticated forms of dynamic price
discrimination, which are increasingly common in online platforms, are also an important nested
case (Bergemann and Vilimaki, {1996, 2006; Ching, [2010; Kehoe et al., [2024).

Workers are heterogeneous along three dimensions: their initial and acquired human capital (both
observed by firms and workers, with only the initial component observed by the econometrician), ef-
ficiency (a time-invariant characteristic observed by firms and workers but unobserved by the econo-
metrician), and ability (a time-invariant characteristic that is initially unobserved by firms, workers,
and the econometrician, but is gradually learned by firms and workers as experience accumulates).
Firms are also heterogeneous along three dimensions observed by both firms and workers but unob-
served by the econometrician: their output technology—how labor produces output; human capital
accumulation technology—how experience in the labor market and at different firms allows workers
to acquire more human capital; and information technology—how output at different firms provides
information about a worker’s unobserved ability. Once matched, a firm-worker pair produces output,
and human capital and information accumulate. Since a worker’s human capital, efficiency, and abil-
ity stochastically map into output, which is publicly observed by firms and workers, output provides
a noisy signal (“performance”) about ability that firms and workers use to update their common be-
liefs about it. Each period, given workers’ human capital, the common beliefs about workers’ ability,
and realized productivity shocks, firms offer employment to workers, workers choose among firms’

offers, production occurs, new human capital and information are acquired, and the cycle repeats.

Firms. A finite number of heterogeneous firms indexed by d € D produce a homogeneous output

good sold in a perfectly competitive market at a price normalized to one. Each firm d operates a



production technology that is constant-returns-to-scale in workers’ labor, which is the only input
to production, and separable across workersE] Firms compete for workers by offering wages each
period for their employment during the period. Our model and econometric results immediately
extend to settings in which firms consist of multiple jobs and, accordingly, their offers specify both
a wage and a job assignment for the period; we discuss this multi-job-firm case in Appendix [F2] of
the Online Supplementary Material, which is the version of the model that we take to the data. As

we proceed, we highlight the features of this case that warrant special attention.

Workers. We denote by ¢ a time period, which does not represent calendar time but rather a worker’s
time or experience in the labor market, with ¢ =1 denoting the first year of a worker in the marketf_f]
A worker is indexed by n € Nand endowed with time-invariant and, as described later, time-varying
characteristics. As for the former, H,, ; collects characteristics, such as gender, race, and education,
that are observed by workers, firms, and the econometrician and capture a worker’s human capital
before entry into the labor market.Worker 7 is also characterized by other time-invariant skills that are
unobserved by the econometrician and consist of two components: e,,, with support £, and 6,,, with
support ©. They represent productive characteristics that can influence worker n’s human capital
process as well as output when employedﬂ They differ because e,, is observed by both workers
and firms, whereas 6, is initially unknown to them, but is gradually and symmetrically learned by
workers and firms based on the observation of worker n’s realized output at the end of each period,
as described later. We think of e,, as describing an observed general level of productivity at entry into
the labor market—for instance, a worker’s baseline proficiency, say, knowledge of specific software,
that can be gleaned from the worker’s curriculum—and of 6,, as a latent productivity attribute—such
as creativity, leadership or problem-solving skills, or social aptitude with clients and colleagues—
that is initially uncertain and only gradually revealed as a worker is employed. Hereafter, we refer

to e,, as worker’s n efficiency and 6,, as the worker’s ability. In the model, we impose no restrictions

3The assumption that the output market is perfectly competitive is without loss of generality, as we focus on firms’
and workers’ decisions in the labor market. That production is constant-returns-to-scale in the only input of workers’
labor is likewise inconsequential here, because we do not separately model other non-labor input decisions. Maintaining
that output is separable across workers, namely, that there are no complementarities in production across workers, is
standard in the class of models we study and, more generally, in dynamic matching models. It rules out team production
or shared-capacity and coordination constraints, which would make workers’ marginal products interdependent.

“Some workers may first appear in the dataset after their initial entry into the labor market, which would affect
the identification of the initial beliefs about their ability—the initial prior. Specifically, if workers are observed only
after their labor market entry, our methodology simply recovers the prior belief about worker n’s ability (denoted by
0,, below) as of worker n’s first appearance in the data rather than as of the worker’s labor market entry. But once the
learning process is recovered, the unobserved initial prior could be backed out by Bayes’ rule.

3The characteristics e,, and 6,, can affect worker n’s performance at any firm. Some degree of generality in e,, and
6,, is essential to generate realistic job mobility patterns. In particular, if 8,, were purely firm-specific and so independent
across firms, then workers would change jobs predominantly upon poor performance. In the data, by contrast, highly-
performing workers are those frequently observed switching jobs both within and across firms.
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on the support & of e,, whereas, for simplicity of exposition, we let 6,, take values in © := {#, 0}
interpreted as high (0) and low () abilityﬂ Although we ignore the possibility that a worker is not

employed, it is easy to interpret one job as the alternative of non-employment.

Human Capital Process. Worker n accumulates human capital in the labor market through a pro-
cess that depends on the worker’s initial characteristics (H,, 1, €, 6,) and employment history. For-

mally, when employed by firm d € D in period ¢, worker n has human capital H, ;(d) given by
Hn,t(d> - hd(Hn,ly 172717 en; nn,t(d)a 67L,t<d))7 (1)

where hy(-) is a d-specific function (in logs) known to workers and firms but unknown to the econo-
metrician[] As for the arguments of h,(-), H, 1 and e, were defined earlier. If;l is any function of
worker n’s employment history up to and including period ¢ — 1, observed by workers, firms, and
the econometrician at the beginning of t—for example, tenure at all the firms by which worker n has
been employedﬂNote that when /14(-) does not depend on I, no human capital accumulation takes
place. When instead h4(+) depends on I'~!, new human capital is acquired and (T]) also expresses the
law of motion of human capital in cumulative form. We impose no restrictions on how (1)) depends
on I'~1 allowing for a very general specification. For example, experience acquired at different
firms or stages of working life can have a different impact on the stock of human capital, consistent
with the notion of a flexible malleability of human capital across firms and over the life cycle.

The argument ¢, ;(d) of hy(-) is an idiosyncratic, exogenous, and d-specific productivity (or
amenity) shock, akin to a total factor productivity shock outside of a worker’s control, whose distri-
bution can vary across d and t. The shocks {e€,, +(d) }4ep across all firms are realized at the beginning
of period ¢ and observed by workers and firms but unobserved by the econometrician. The argument
Nnt(d) is also a d-specific random variable unobserved by the econometrician, whose distribution
can depend on (H,, 1, €y, O, d)ﬂUnlike the other arguments of h4(-), 7,.+(d) is observed by workers

and firms at the end of period ¢ after production occurs at the employing firm d—we interpret it as

®We consider a discrete specification for 6,, as our leading case also to allow the variance of posterior beliefs about
ability, a key determinant of the variance of wages, to vary stochastically over time unlike in the standard normal prior-
signal conjugate case, in which the variance of posterior beliefs deterministically declines with the number of signals
observed. We can allow e,, to vary over time. For instance, it is straightforward to specify e,, as bivariate, with one
dimension following a k-th-order Markov process; see [Low et al.|(2010) for a similar formulation.

"The function h,(-) may also be time-varying, in which case we would express it as hq,¢(-); we omit this dependence
just to simplify notation. Note that the domain of h4(-) is allowed to vary over time through I, n,, +(d), and €, +(d).

8Following (Cunha et al. (2010), we can let the function I} ~! of worker n’s employment history be unobserved by
the econometrician and estimate it through a factor model, if proxies for human capital investments are available. Since
they are not consistently so in the LEHD data we use, we treat I{~1 as observed by the econometrician.

°That the distribution of 7, ;(d) does not depend on I’ = is just to show how the model can be identified from very
short panel data on wages and jobs. With panels increasing with I!~, allowing for such a dependence is straightforward.
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a stochastic total factor productivity term that is on average affected by a worker’s ability. That is,
upon observing realized output Y, ;(d), defined below in (2)), at the end of ¢, workers and firms extract
from it the component 7, ;(d). Given that 7, ;(d) depends on 6, the realized value of 7, ;(d) is used
by workers and firms to update their beliefs about 6,,, as described later in this section. Hereafter,
we refer to 1, ;(d) as a performance signal or simply signal. Importantly, 7,, (d) depends on 6,, only
stochastically via its distribution. Since different realizations of 7, (d) are possible for a given 6,
¢ (d) provides a noisy signal about 6,,. If instead 1), ;(d) were a deterministic function of 6,,, then
learning about 6,, could be trivially complete after just one period of observation of output. For this
reason, we do not allow the function h,(-) to include 6,, among its arguments.

As an example, think of €, ;(d) as a beginning-of-period match-specific shock, such as a surge
in orders for the product or service that worker n is responsible for, an unscheduled assignment,
or a transitory health condition, known to workers and firms before the worker starts working in .
By contrast, 7, :(d) is an end-of-period match-specific shock revealed by realized output, say, how
successfully the worker has carried out the responsibilities of the job or handled clients’ needs.

We assume that 7,, ;(d) takes values in N := {7, ﬂ}, interpreted as a high (77) and a low () signal.
As with 6, this binary specification is adopted just for expositional simplicity and can be easily
relaxed in the model to allow 7, ;(d) to be scalar or multidimensional, either discrete or continuous.
We maintain that the function h,4(+) is invertible in 7, ;(d), as required in any well-behaved signal-
extraction problem. This property ensures that after output Y, ;(d), defined below in (2), is observed
at the end of ¢ at the employing firm d, workers and firms can uniquely recover from it the realization
of its component 7, ,(d), through which 6,, stochastically affects Y,,;(d). In this case, the signal

.+ (d) about ability 6,,, which firms and workers use to learn about 6,,, is well defined.

Output Technology. Normalizing a worker’s labor supply to one, (] also represents the (log) output

Y, +(d) of worker n when employed by firm d € D in period ¢,

Yn,t(d> = hd(Hn,la Liila €n, nn,t(d)a 6n,t<d))7 (2)

which is realized and observed by workers and firms at the end of period ¢. Note that as the function
hq(-) is d-specific and the distributions (and realizations) of its random components 7, ,(d) and
€nt(d) depend on d, firms are ex-ante differentiated by their output and human capital technologies.

We discuss next how firms differ in their technologies of information generation.

Information Technology (Learning Process). As is standard in the models we nest, we focus on the

case of symmetric learning: all firms and workers share a common belief about a worker’s unknown
12



ability #,, in each period ¢. Formally, at the beginning of t =1, firms and workers have a common prior
belief that worker 7 is of high ability (¢,, = ), denoted by P, :=Pr(6,,=0|H, 1, e,). Such a prior
need not coincide with the true (conditional) distribution of 6,, and may incorporate any learning
about 6,, that has occurred before entry into the labor market, for instance, based on a worker’s
educational attainment. At the end of t > 1, firms and workers observe the realization of Y, ;(d)
at the employing firm d € D, extract from it the (unique) realization of the signal 7, ;(d), and use
it to update their common beliefs about 6,, by Bayes’ rule. Since signals are independent over time
conditional on a worker’s ability ¢,,, initial human capital H,, ;, efficiency e,, and history of past

jobs, the updated belief that 6,, = 0 at the beginning of period t + 1 can be obtained recursively as

a(Hp,1,d,en)Pn.t . s
: ifn,(d)=n
a(Hn.lydyen)Pn,t"Fﬁ(HnJ7daen)(l_P’n,t) n, )
Proi=9q | (3)
e [1_a(Hn,1yd,en)}Pn,t

—a(Hn1,den)Pott1—BHn1,den)](1—Pag) if 74 (d) = 1,

where P, ; is the belief that 0,, = 0 at the beginning of period t; «(H,, 1, d, e,,) is the probability of a
high signal 7] in period ¢ at the employing firm d conditional on high ability (6, = 0), H,, ;, and e,,;
and B(H,.1,d, e,) is the analogous probability conditional on low ability (6,, = 6), H,, 1, and e,,.
Importantly, since the probabilities «(H,,1,d,e,) and 5(H,, 1,d,e,) may vary across firms d,
performance at different firms can differ in its informativeness about Hn[G] Hence, firms are ex-ante
differentiated not only by their output and human capital technologies but also by their informa-
tion technologies. For example, observing the same high signal 7) (respectively, low signal 7) at a
problem-solving job—say, troubleshooting unexpected issues—may raise (respectively, lower) more
the posterior probability that a worker is of high ability than observing 7] (respectively, 7)) at a highly
standardized job—say, processing routine transactions. Then, output is more informative about abil-

ity in a Blackwell sense (Blackwell, [1951)) in the former case than in the latter caseE]

Expected Output. At the beginning of each period ¢, firms and workers base their wage and employ-
ment decisions on their knowledge of a worker’s initial human capital H,, ;, investments in human
capital through experience at past employing firms, as summarized by I'~!, efficiency e,,, and pro-
ductivity shocks {€, +(d)}4ep. Instead, the worker’s performance signal 7, ;(d) about 6,, is observed
by workers and firms only at the end of ¢, once it is extracted from realized output Y,, ;(d) at the em-

ploying firm d after production takes place. Thus, at the beginning of ¢, firms and workers’ decisions

10See footnote |§I for the possibility that a(+) and 3(+) also depend on I 1.

""We refer here to the stochastic order introduced by Blackwell (1951) whereby action (experiment) k is more infor-
mative than action (experiment) k&’ if the posterior beliefs about the relevant state of the world, here ability, reached if k
is chosen are a mean-preserving spread of the posterior beliefs reached if & is chosen.
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Figure 1: Timing of Stage Game in a Period
St = (Hp1, I5Y, Poyoen) Firms draw {ey ¢(d)}acp Firms make wage offers Worker n accepts/rejects
observed by all observed by all and wages are paid

: 17
Sflir;ilg"v’((dd)) ;;):;;?fid H,4(d) and Yy, ;(d) are Production at employing
mt | realized and observed by all firm d takes place

about 0,, are updated to Py, ;41

Separation shocks are realized

are made given their expectations about {Y, ;(d) }4ep, which are informed by their beliefs about 6,,,
since Y, ;(d) depends on 6,, through nn,t(d)EMore formally, let €, == (€,+(d) : d € D) denote the
vector of shocks realized and observed by firms and workers, and let s,,; = (Hn,l, =t Py, €n)

n

collect the other variables observed by firms and workers, at the beginning of ¢. Then,
E(Yn,t<d)‘5n,ta 6n,t> - Enn,t(d) [hd(Hn,h 12—17 €n, nn,t(d)7 6'rz,t(d)> |Sn,t> en,t] = y(d, Sn,ts En,t(d)) (4)

is worker n’s expected output at each firm d € D, where the expectation is over the signal 7, ;(d)
given (s, €,,¢) and so over high, Y, ,(d) =hg(Hpn 1, I €, 77, €04(d)), and low, Y, ,(d) =ha(H, 1 -
I e, 7, €nt(d)), output, with y(d, sp+, €,4(d)) = Xn,t(d) + [?n,t(d> — th(d)]Pn,t*

n

Separation. At the end of each period ¢, workers leave the labor market considered with probability
S(Hpa, 1571, d), which depends on their initial human capital H,, ;, human capital investments while

in the labor market as summarized by I’~!, and last employing firm d € D.

Timing. Figure |l|illustrates the timing of the stage game in each period ¢. At the start of period ¢,
productivity shocks are realized. Next, firms simultaneously submit wage offers to workers for the
period. Then, each worker decides which offer to accept and wages are paid. Finally, production
occurs; human capital and output are realized; beliefs about ability are updated based on the signal
extracted from realized output; and separation shocks are realized. Note that since firms commit to

the period wage offers they make, the timing of wage payments within the period is immaterial.

Equilibrium. Given the absence of complementarities in production among workers, in characteriz-
ing equilibrium, we focus without loss on the competition among all firms for one worker at a time.
We adopt as equilibrium concept a refinement of the notion of Markov perfect equilibrium, which we
term Robust Markov perfect equilibrium (RMPE)E] An RMPE consists of wage strategies for firms
and an acceptance strategy for worker n, alongside a belief function, such that (i) the worker maxi-

mizes the expected present discounted value of wages; (ii) each firm maximizes the expected present

12Neither realized output in (2) nor expected output in (@) explicitly depend on worker n’s ability 6,,, but the frequency
of high and low output depends on 6,, through the signal probabilities a(H,, 1, d, e,,) and 5(H,, 1, d, e,,) defined above.

13With one-job firms, this concept is equivalent to the notion of cautious MPE introduced by Bergemann and Vilimaki
(1996) for a game between two one-product firms. We extend it to the case of multi-job firms in the general version of
our model (Appendix [EZ] of the Online Supplementary Material). See also [Pastorino| (2024) and Kehoe et al.|(2024).
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discounted value of profits; (iii) beliefs are updated according to Bayes’ rule; and (iv) non-employing
firms are indifferent between not employing and employing the worker. Conditions (i) through (iii)
define a standard MPE. As multiple MPEs may exist, condition (iv) selects one equilibrium with the
desirable robustness properties that we discuss below. An RMPE exists, is unique, but does not need
to be efficient in general (Bergemann and Vilimaki, 1996)113]

More formally, the state that firms face when making their wage offers to worker n, after pro-
ductivity shocks {€,+(d)}aqep are realized at all firms d € D, consists of (s, ¢, €,1), With s,; =
(Hpa, Ifl‘l, P, e,), whereas the state that worker n faces when deciding on firms’ wage offers
consists of (s, €,) and the collection of offers receivedE] We denote by wy,1q = Wa(Snt, €nt)
the wage offer strategy of a generic firm d. We denote by l,,+a = la(Snt, €nt, {Wn,ta}aep) the ac-
ceptance strategy of worker n for firm d’s offer—an indicator function taking value one if d is the
employing firm and zero otherwise at a given state so that workers accept at most one offer each
period. Given firms’ strategies, worker n’s strategy satisfies

W (Snt €nts {Wntd}aep) = {max ZdeD lg x {wn,t,d

la}aep

N (5)
+ 6[1 - g(Hn,la 12—17 d)] / E |:W(Sn,t+17 €n,t+1, {wn,t—l-l,d}dG’D) |Sn,t7 d] dFen’tjq } .

€En, t+1

In , l4 is equal to one if worker n accepts firm d’s offer and zero otherwise, ¢ is the discount
factor, and ¢(H,, 1, I'"" d) is the probability that worker n exogenously leaves the labor market
at the end of period ¢, given the worker’s initial human capital 1, ;, past human capital invest-
ments I'~!, and last employing firm d € D. The conditional expectation E(-) is taken over the
value of the posterior beliefs in ¢ + 1, (P, 41,1 — P, 41), and F¢, is the cumulative distribution
function (CDF) of the vector of productivity shocks ¢, ;. We assume that ¢, ; is independent of (a)
(Snt—1s€nt—1,{Wnt-1d}deDs{lnt—1.4}aep) conditional on s,+; and (b) s, Condition (a) requires
€n,+ 10 be a true innovation in the sense that it is independent of all lagged variables given s, ;, and
condition (b) requires ¢, ; to be completely exogenous with respect to the period state s,, ;. These
two conditions, which we maintain throughout, are standard in dynamic discrete choice models.
Nevertheless, persistence in the state arises over time through I:~!, observed by the econometrician,
and (P4, e,), unobserved by the econometrician, with P, ; serially correlated and endogenously

evolving with worker n’s job history, and e, invariant over time. This rich structure of persistent

“Whereas efficiency is easy to establish in the two-firm one-job case, it does not necessarily extend to the case of
more than two firms or firms with multiple jobs. See Appendix [E] of the Online Supplementary Material.

15Tn the finite-horizon case, a worker’s labor market experience is part of the state. Since experience is already included
in I, we consider here interchangeably the infinite-horizon case or the finite-horizon case with t < T.
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unobserved heterogeneity captured by (P, ;, e,,) raises unique challenges from an identification per-
spective. We return to this point in Section 3| when discussing the empirical content of our model.

Given worker n’s and its competitors’ strategies, the strategy of a generic firm d € D satisfies

Mt €ne) = max (Tnga X {y(d, s €nald) = w

+ 5[1 - C(Hn,h 12_17 d)] / E [Hd(sn,t—l—h 6n,t+1)|3n,ta d} dFen,tH} (6)

€n,t+1

+ Zd’GD\{d} ln,t,d’ {5[]— - §<Hn,17 ]:L_la d,)] / E [Hd(sn,t—l-l; 6n,t+1) |Sn,t> dl:| dFEn’tJrl }) .

€n,t+1

Without condition (iv) in the definition of equilibrium, multiple MPE arise that are qualitatively
similar in that they are characterized by the same allocations of workers to firms and paid wages, thus
resulting in the same on-path outcomes. However, these equilibria differ in the wages offered by non-
employing firms. Indeed, non-employing firms can offer any wage up to the level at which they are
indifferent between not employing and employing a worker, without affecting on-path allocations
or payoffs. Condition (iv) resolves this trivial multiplicity by requiring that non-employing firms
offer wages that make them exactly indifferent between not employing and employing worker nE—]

Formally, condition (iv) requires that if firm d € D employs worker n at state (s, ¢, €,¢), then

S{1=5(Ho, 170 [ Bl s, dldEL, o
€n,t+1 (7)
e (" 010 00(0) — w4311 = <(Hoss D] [ Bl d1E, 0}

€n,t+1

for any other firm d’ € D. Namely, firm d’ must offer worker n a wage that makes firm d’ indifferent
between not employing the worker—in which case its payoff is the left side of (7)—and employing
the worker—in which case its payoff is the right side of (7). Importantly, under condition (iv), an

employed worker’s wage is unique, as shown in Proposition [I] below.
2.1 Equilibrium Wages

Here, we derive the equilibrium wage equation, starting by providing an informal intuition for it.

Intuition. Recall that in a static model of Bertrand price competition for a consumer between two
firms with heterogeneous output technologies, the high-productivity (low-cost) firm sells to the con-
sumer at a price equal to the cost of the low-productivity (high-cost) firm, making the consumer

indifferent between the two sellers (Tirolel, 1988). Analogously, in the static version of our model

16Tn particular, condition (iv) selects an equilibrium in a manner analogous to trembling-hand perfection (Selten,
1975)). On the issue of robustness of MPEs and the refinement introduced by condition (iv), see also the discussion of
Definition 4 in Bergemann and Vilimaki|(1996) for the two-firm one-job case.
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with known worker ability and two firms with heterogeneous output technologies, a worker’s wage
at the employing (more productive) firm equals the worker’s (expected) output at the competing
(less productive) firm, making the worker indifferent between employment at the two firms. When
firms have identical technologies—and productivity shocks—workers are paid their output, since the
worker produces the same output at the employing and non-employing firms.

In the dynamic version of our model with unknown worker ability and two firms that differ in
their output, human capital, and information technologies, the same indifference condition holds: in
equilibrium, a worker must be indifferent between the employing firm and its competitor. However,
a worker’s preferences over the two firms now take into account the potentially different future wage
returns from the human capital and the information that can be acquired through employment at each
firm. But then a firm at which a worker can acquire substantial new human capital or information
about ability can afford to pay a lower wage. Conversely, a firm offering limited opportunities for
human capital or information acquisition must pay a higher wage. With more than two firms, a similar
argument applies. The two firms effectively competing for a worker in a period are those offering
the two highest expected present discounted values of wages. Like in a second-price auction, a
worker’s wage in period ¢ then equals the expected output the worker would produce if hired by the
firm ranked by the worker as “second best”—namely, offering the second-highest expected present
discounted value of wages in the period—plus a compensating differential. The latter is a premium
for the missed future wage returns from the human capital and the information that would have been
acquired at the second-best firm or a discount for the greater future wage returns from the human

capital and the information acquired at the first-best (employing) firm.

Formal Argument. Given the state (s,,+, €,,¢) in period ¢, with €,,; = (€,.(d) : d € D), consider
the equilibrium ranking of firms based on the expected present discounted values of wages implied
by their wage offers to worker 7 in ¢. Denote the firm whose offer yields the highest such value by
D+ = D(snt, €nt), namely, the first-best firm or employing firm, and the firm whose offer yields
the second-highest such value by D, ; := D'(8y, €n,¢), namely, the second-best firm or best non-
employing firm, both expressed as functions of (s, ¢, €,¢). Let Vy(s, ¢, €,+) be the expected present
discounted value of match surplus or match surplus value generated by worker n and firm d at state
(Sn.t, €nt), defined as the sum of the worker’s expected present discounted value of wages and firm

d’s expected present discounted value of profits. We now formally characterize equilibrium wages.

Proposition 1 (Equilibrium Wage). At state (s, +, €,) in period t, worker n’s equilibrium wage is

wn,t = w(sn,ta 6n,t) = Z/(D;,t, Sn,ta 6n,t<D;~b7t)) + qj(Dn,b D:%ta Sn,t)a with (8)
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\I/(Dn,ta D:%t) Sn,t) :5[1 - g(Hn,h ]12_17 D:q,,t)] / E[VD,lmt (Sn,t+17 En,t-l—l)’Sn,tu D;’t]dFen,t+1

€n,t+1

- (5[1 - §(Hn,17 12—17 Dn,t)] / E[VD;t (Sn,t+1> En,t—l—l)‘sn,t; Dn,t]dFen,tJrl .
€n,t+1

According to Proposition (1} a worker’s wage is the sum of two terms: y(D,, ;, $n.t, €n,t (D), 1))
which is the one-period expected output at the second-best firm D, , after the vector of productivity
shocks €, is realized, and W(D,, 4, D}, ;, Sn¢), @ compensating differential, which is the difference
between two continuation match surplus values. The first such value is the future match surplus
value that would be generated by worker n and firm D;,, from period ¢ + 1 on, had the worker
been employed by firm D), in t—off the equilibrium path. The second such value is the future
match surplus value generated by worker n and firm D, , from period ¢ + 1 on, after the worker
is employed by firm D,,; in t—on the equilibrium path. The term W(D,,, D;, ;, $,:) compensates
the worker for any difference in the prospects of human capital or information acquisition, or in the
risk of exogenous separation, between firms D, ; and D;M. In fact, this term would be zero if the
processes of human capital and information acquisition as well as the risk of exogenous separation
were identical across firms. In this case, employment at any firm would entail the same future wage
returns, and workers would simply be paid their expected output at the second-best firm. In general,

however, wages can be lower or higher than expected output due to the compensating differential.

Compensating Differential. We characterize two properties of the compensating differential that are
key to our econometric strategy: its nonmonotonicity and its sign with respect to s,, ;. The nonmono-
tonicity is most transparent when this differential is mostly governed by differences across firms in
the information that output provides about ability, that is, when the human capital process and ex-
ogenous separation rates are sufficiently similar across firms. Intuitively, the value of signals about
ability is largest when uncertainty is highest, that is, for a prior P, ; far from zero and one, and so is

the option value of the information acquired at the first-best firm or lost at the second-best ﬁrmE]

Proposition 2 (Nonmonotonicity of Compensating Differential). When exogenous separation rates
S(Hpa, 1LY, d) for each H,, 1 and It™" and the human capital process are sufficiently similar across

firms, the compensating differential in wages converges to zero as P, ; converges to zero or one.

Similarly, a clear characterization of the sign of the compensating differential can be obtained
when exogenous separation rates and the human capital process are sufficiently similar across firms.
In this situation, differences in the option value of employment across firms are solely due to differ-

ences in the information that their output provides about ability. In particular, whenever the job at the

17 An analogous result holds when firms differ only in their human capital technologies.
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employing firm D, ; is more informative about ability than the job at the competing firm D, , in the
Blackwell sense, the compensating differential is negative, whereas whenever it is less informative,
the compensating differential is positive. Intuitively, firm D, ; pays a worker less than under static
competition when employment at it leads to greater learning about ability—in this case, the worker
experiences an informational gain with employment at D,, ; that is discounted in the paid wage. In-
stead, firm D, ; pays a premium over the competitive wage when employment at it forces the worker
to forgo some learning about ability—in this case, the worker experiences an informational /oss with
employment at D, , and hence is compensated for it. We prove this result in the simplest possible,
and empirically relevant, case of two firms in the labor market consisting each of two or more jobs.

The proof straightforwardly extends to the general case.

Proposition 3 (Sign of Compensating Differential). Suppose that |D| = 2, each firm consists of
more than one job, and P,; € (0,1). When exogenous separation rates ¢(H, 1, I.7*, d) for each
H,1 and I'™' and the human capital process are sufficiently similar across firms, the compensating
differential in wages is negative (resp., positive) whenever performance at firm D,,; is more (resp.,

less) informative about ability in the Blackwell sense than performance at firm D, ,.

2.2 Implications for Measuring Labor Market Sorting and Monopsony Power

In this section, we discuss the issues related to the measurement of worker sorting across firms and

the markdown of wages relative to workers’ output that arise in our framework.

Labor Market Sorting. Fundamentally, the patterns of labor market sorting are governed by the
complementarity between firms and workers in production, as determined by how the (expected)
output y(-) of a firm-worker match depends on the latent characteristics e,, of a worker and of a
worker’s employing firm D, ,, after controlling for the worker and firm attributes observed in the
data The stronger the complementarity in production between workers’ and firms’ residual char-
acteristics, the greater the potential for assortative matching between firms and workers, and, if the
market is sufficiently competitive, the greater the degree of labor market sorting.

Traditional statistical measures of sorting as in AKM represent the dependence of output, and so

wages, on e,, and D,, ; through a linear and additively separable specification,

Wn,t = €En + w(Dn,t) + g(Xn,ta ﬁ) + Ents (9)

18 Ability #,, is another worker attribute that is unobserved by the econometrician. Unlike e,,, however, 6, is initially
unknown to firms and workers and is only gradually learned over time. As a result, firms and workers do not directly
sort on @, but rather on their beliefs (P, ;,1 — P, ;) about 6,,. Conceptually, one could thus include P, ;, rather than
6,,, alongside e, in the calculation of a sorting measure. For simplicity of exposition, however, we do not do so here. In
Section@ we discuss the role of uncertainty about 6,, for sorting patterns.
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where e,, is a worker fixed effect; (D, ;) is a fixed effect for the employing firm D,, ; in ¢; g(-; 5) is a
parametric function of observable worker characteristics X, ;, namely, H,, ; and [ 2‘1, with possibly
additional covariates that may measure beliefs (P, ¢, 1 — P, ;) about worker ability 6,, € {6, Q} and
£n,t 18 an exogenous scalar shock.The parameters ({e, },,, {1(d) }4, B) can be estimated by OLS under
appropriate normalizations and corrections for the potential bias due to low worker mobility across
firms. Sorting is then commonly summarized by the share of the variance of wages accounted for by
the covariance between worker and firm effects, Saxy = 2Cov(e,,, (D, +))/Var(w, ), and calcu-
lated using the OLS estimates of worker and firm effects, S ArM = 2Cov(e,, 12 (Dy.t))/Var(w, ). We
next argue that for our class of models, Sk is conceptually an inaccurate descriptor of the degree
of labor market sorting and that §AKM 18 a biased estimator of it.

Saxwm Inaccurate Descriptor of Sorting. This measurement issue is two-fold. First, as is known,
Sakwm 1S an appropriate measure of sorting when the linear, additively separable approximation to
wages in (9), in terms of worker and firm fixed effects, provides a good description of the underlying
output technology—such a description is exact when the output technology is log-linear in workers’
and firms’ latent attributes. Since we do not impose this functional form in (2) and (), in general
(9) may offer a poor approximation to the wage process in our setting, and Sk may thus be an
inaccurate descriptor of sorting. Second, in models of imperfect competition such as ours in which
firms have wage-setting power, a worker’s wage reflects the output that a worker would produce at
their best outside option—the second-best firm—rather than the worker’s output at the employing
firm, as shown in Proposition [I} As a result, wages may not well capture how unobserved worker
and employing-firm attributes contribute to match output. In such a setting, inferring labor market

sorting indirectly from wage data, as Saky does, can thus be misleading

Remark 1 (Sxky Inaccurate Descriptor of Sorting). When the output technology is not log-linear in
worker and firm latent attributes or in imperfectly competitive labor markets in which wages reflect
a worker’s productivity at the (best) competitor of the worker’s employer, Saxn may fail to recover

the underlying complementarity in production between worker and firm latent attributes.

§ axM Biased Estimator of Saxnv. Even when Saky is an accurate descriptor of the degree of
sorting, we now argue that §AKM is nonetheless a biased estimator of Saxy when the data are gen-

erated by a wage equation as in (8). It is well known that S AkM can be biased for Saxyn when

YMerely for simplicity of exposition, we assume—for the purposes of this section only—that the researcher can
observe, or accurately proxy for, P, ;. Under this assumption, P, ; can be interpreted as a standard covariate. Our
identification arguments developed in Section are more general, as they allow P, ; to be unobserved.

20As an alternative to Sax, in the empirical analysis of Section [5| we use a classic sorting measure based on the
supermodularity of output in worker and firm unobserved characteristics.
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worker mobility is limited (Andrews et al., 2008) and when workers’ job choices D, ; depend on
unobservables ¢, ; (Bonhomme et al., 2023). Here, we emphasize an additional source of bias: the

specification in (9) omits the compensating differential ¥ (D,, ;, D!

n,t’

sn,t) that enters the wage in (§8).
This compensating differential is an unknown function of D,, s, D}, ;, and s, ; == (Hp 1, I, L Py en)
that depends on e,, and D, ; in a nonlinear and nonseparable waym Accounting for this compen-
sating differential would require allowing the function g(+; 5) to depend flexibly on ¢,, and D, ; in a
manner that cannot be well accommodated by the log-linear AKM representation of worker and firm

fixed effects in (9) nor by an interactive fixed-effect extension. The resulting misspecification—using

() in place of (8)—biases the estimator of worker and firm effects and, in turn, S AKM-

Remark 2 (§ AxM Biased Estimator of Saxn). When the compensating differential is nonzero, AKM-
type representations of the wage process yield bias in the estimators of worker and firm effects and,

in turn, in Saxy relative to Saxy. Appendix@derives analytical expressions for this bias.

Wage Markdown and Monopsony Power. The characteristics of the wage process in our frame-
work have also implications for how firms’ monopsony power affects wages and thus for how it
should be measured. A growing literature emphasizes the importance of firms’ wage-setting power
in U.S. labor markets for the level and dispersion of wages across workers, and documents a high
degree of monopsony power as implied by a low wage markdown, namely, a low ratio of a worker’s
wage to a worker’s output (Seegmiller, 2021; Yeh et al., 2022; Lamadon et al., [2022; Berger et al.,
2026). A common reading of this evidence is that U.S. labor markets are highly noncompetitive. The
issue is that imperfect firm competition not only depresses wages relative to workers’ productivity
but also potentially distorts firms’ employment choices and workers’ labor supply decisions.
Through the lens of our framework, however, such a conclusion may not be warranted for two
reasons. First, workers can dynamically acquire both human capital and information about their
ability. These processes of human capital and information accumulation lead to a natural force that
depresses current wages when workers are employed by firms at which substantial human capital and
information can be acquired. Put differently, the option value of higher future wages—stemming from
the investment in human capital and information that employment affords—is priced into current
wages via the compensating differential. In this case, a low wage markdown, especially early in

the life cycle, can simply reflect high future wage returns to current investments in human capital

2'From (8), it is apparent that the compensating differential is an endogenous function of e,, and D,, ; through the
second-best firm’s match surplus value. This value is given by the sum of the values of the intertemporal maximization
problems that define worker and (second-best) firm best responses illustrated above. These problems and their values
depend nonlinearly not only on the state but also on all the primitives governing worker and firm productivity. Thus, both
match surplus value and the compensating differential are generally highly nonlinear in worker and firm attributes.

21



and information rather than labor market distortions. Indeed, the greater this option value, the more
negative the compensating differential, and the smaller the markdown of wages relative to output.
Second, even in a static version of our framework (6 =0) in which the compensating differential
is zero, workers are not paid their output at their employing firms. Instead, their wages reflect the
output they would have produced at their second-most preferred firms, namely, their most-preferred
firms among those whose offers they rejected, which isalways lower than output at the first-best firm
in the static case. Thus, a low wage markdown can simply capture a worker’s lower productivity at the
second-best firm, namely, a low outside option, instead of any wage-setting frictions. Importantly,
unlike in usual models of monopsony, the wage markdown in our framework can be greater than
one. That is, whenever the compensating differential in wages is positive, wages are higher than
workers’ (expected) output. Intuitively, when workers sacrifice better human capital or informational
opportunities by working at their employers, they are compensated for this loss. Although firms have

market power, wages are then marked up relative to output.

Remark 3 (Wage Markdown and Monopsony Power). When the compensating differential is neg-
ative (resp., positive), wages are marked down (resp., up) relative to a worker’s expected output
(inclusive of productivity shocks) at the employing firm. When the discount factor 0 is small, the com-
pensating differential is correspondingly small and wages are marked down relative to a worker’s

expected output (inclusive of productivity shocks).

3 Overview of Identification
We provide here an overview of identification. We present the formal argument in Appendix
3.1 Econometric Model

Our model can be cast as an equilibrium dynamic generalized Roy model. As is standard in this
empirical literature, we impose that wages are additively separable in the idiosyncratic productivity
shock €,,.(d) by assuming that the human capital function %4(-) in (1)) and so the output function
Y, +(d) in (2) are (in logs) additively separable in €, ;(d)—one instance is when human capital and
output technologies are CES, with ¢,,,(d) a stochastic total factor productivity term.

Assumption 1 (Additive Separability). For each d € D, the output function Y, ;(d) defined in (2)
satisfies Yy, (d) = hg(Hy1, I €0, mni(d)) + €n4(d).

Under Assumption |l worker n’s observed (log) wage in period ¢ is
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wn,t :Z(d,d/)GDQ IL{l)n,t = d7 D;,t = d/} [y(d/a Sn,t) + \Ij<d7 dla Sn,t) + 6n,t<d/>}7 (10)

where wy, +(d, d") = y(d', spt) +V(d,d', sp+) + €,.4(d') denotes worker n’s potential wage in period

t when the first- and second-best firms are d and d’, respectively.
Assumption 2 (Data). The joint distribution of {wy, s, H,.1, Dy}, is known.

Assumption [2| describes the observation scheme maintained throughout. We assume access to a
panel dataset of workers’ wages w,, ¢, initial characteristics H,, ;, and employment choices D, ;. We
keep T finite and allow the number of workers to be arbitrarily large (short panel). As mentioned
in Section [2, the index ¢ denotes labor market experience rather than calendar time, with ¢ = 1
corresponding to a worker’s first year in the market—see footnote [ for the case in which a worker
enters the dataset several years after entering the market. Likewise, ¢ = 1" does not represent the last
year of a worker’s experience but rather the finite observation window available in a given dataset.
For most of our arguments, no minimum panel length is required. The only exception concerns the
identification of the learning process, for which we require 7' > 4; see Appendix B.2] for details.
For ease of notation, we assume that the panel is balanced. However, all arguments remain valid
even with an unbalanced panel. Throughout, we maintain that e,, P, ;, and €, are unobserved
by the econometrician. We do not require the econometrician either to observe performance signals
{Nn.+(d) }aep oroutput {Y,, +(d) }4ep or to have access to credible proxies for these objects. In Section

M} we discuss how the availability of such information can nonetheless simplify estimation.

Objects of Interest. We semiparametrically identify (i) the law of motion of the state s,, ¢, Pr(s;, |

D, t-1,Snt-1), including the learning process about a worker’s ability 6,, characterized by the prior
belief (P, 1,1 — P, 1) about 6, being high (@) or low () and by the distribution of signals con-
ditional on 6,—that is, the probabilities a(H,, 1, Dy, e,) and B(H, 1, Dyy,e,,) defined in Sec-
tion 2} (ii) the conditional choice probabilities (CCPs), Pr(D,, ,

Snt); (iii) the deterministic com-

ponent of potential wages, (D, , D}, iy snt) = Y(Dyps Sng) + (D, D,

n,t?

Snt), defined as the
sum of expected output y(D, ;, s,.) (net of productivity shocks) and the compensating differen-

tial W(D,,,, D!

n,t?

sn,t); and (iv) the expected output y(D,, ;, ,) and the human capital functions
{ha(Hp1, I e, it (d)) baep- Finally, we parametrically identify the distribution of the produc-
tivity shocks €, ; == (€,+(d) : d € D). Throughout, as is standard, we treat the discount factor J as
known. Recovering all these primitives is key to addressing the empirical questions about the degree

of labor market sorting and the extent of firm monopsony power that we tackle in Section [5
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3.2 A Two-Step Approach

The identification of the model’s primitives is complex because of workers’ dynamic selection into
jobs through the choice of D,, ; based on multiple unobservables: (i) the idiosyncratic productivity
shocks €, ¢, which are time varying and serially uncorrelated; (ii) worker efficiency e,,, which is time
invariant;and (iii) workers’ and firms’ beliefs (P, ;, 1 — P, ;) about worker ability 6,,, which are time
varying, serially correlated, and endogenously evolving with workers’ past job choices. Our approach
builds on arguments for Roy models that leverage extremal quantiles of observed wages to recover
the deterministic component of potential wages—the extremal quantile step—with a first step that is
based on the identification of a mixture model representing the wage process—the mixture step.

The logic is as follows. We first represent the conditional distribution of wages w, ; given work-
ers’ job history D= (D,1, ..., Dy4—1), current job choice D,,;, and initial human capital H, ;
as a mixture over latent workers’ classes indexed by their efficiency e,, and history of performance
signals 't == (p1, .« Mni—1), Where 0y, - =1, (D, ;) for each 7 € {1,...,¢ — 1}. Under mild
conditions, we show how to recover the components and weights of this mixture. We then exploit
that the state s,,; = (H,1, Ifl_l, P, :,e,) evolves as a deterministic function of the same objects
(H,1, D!t e,,nt~t) indexing mixture weights to identify from these weights the law of motion of
the state, Pr(s,,+|Dp -1, Snt—1), including the learning process@ Over time, these weights also en-
code the distribution of workers’ employment histories for all possible combinations of worker and
firm observed and unobserved characteristics and so pin down the CCPs, Pr(D,, ,|s, ). Likewise,
mixture components characterize the distributions of wages for all possible combinations of worker
and firm observed and unobserved characteristics, which identify Pr(w,, | D+, $,¢). Importantly,
this mixture step resolves the issue of selection on the persistent unobservables e,, and P, ; part of
Sn.t, since it recovers how they govern job choices and wages.

Once job choice and wage distributions are identified through the mixture step, the extremal
quantile step resolves the remaining selection on the idiosyncratic shock €, ; and thereby recovers the
deterministic component of potential wages ¢ (-) and, in turn, expected output y(-), the compensating
differential ¥(-), the human capital functions {/4(+) }4ep, and the distribution of ¢, ;.

In what follows, Sections and |3.4| provide intuition for these two mixture and extremal quan-

tile steps, respectively, based on a simplified version of the general wage equation in (10)),

Wae =Y, Dy = d}p(d, sns) + ena(d)] (1)

2Since I!~! is a function of D!, P, is a function of (H,, 1,e,), and {P, ;}1_, is a function of 'L, P, 1,

a(Hp1,Dpi—1,€n),and B(Hy, 1, Dy t—1, €y), conditioning on (H,, 1, D51, e, nt~!) amounts to conditioning on s, ¢.

24




which abstracts from the dependence of wages on the second-best firm D), ,. Hereafter, we denote
by w,+(d) = ¢(d, sp+) + €n+(d) worker n’s potential wage in period ¢ when employed by firm d.
Section [3.5|explains how we handle D, ; in the general wage equation in (10).

3.3 The Mixture Step

The mixture step of our identification approach is a novel argument, which allows us to account for
the complex selection patterns on multiple worker and firm unobservable characteristics that arise in

our class of models. In this section, we focus on the main intuition behind this step.

Wage Mixture. For any firm d € D, by the law of total probability,

t—1 t—1 t—1
(e nt_l)EEXNt—lPr(en =en, =0 |Huy, Dy Doy = d)

X Pr(wn; < w|Hy 1, Dyt Dyy = doen = e, =071, (12)

Pr(wn,t S w|Hn,1a D;—l’ Dn,t = d) :Z

where £ and N are the supports of e, and Nnt» Tespectively; 1, » =n, (D, ;) foreach 7 <t —1
and 0t =(Npay oo Mue—1); e and "= (n1, ..., m_1) denote generic realizations of e,, and n’, !,
respectively; Pr(w,; < wl|-, e, =e,ni' = n'~!), suppressing its dependence on the observables,
denotes a representative mixture component; and Pr(e,, = e,n/! = n'~1|-) denotes the associated
weight. We maintain that |£]| < oo and |N| < co so that (I2) is a finite mixture. With £ finite, e,
should be viewed as a worker “finite fixed effect” in the terminology of Bonhomme et al. (2019)
Identifying this wage mixture amounts to uniquely recovering its components and weights from
knowledge of the left side of (I2). It is well known that mixture models such as (12)) are not iden-
tified without additional restrictions. Intuitively, for a K -component mixture, the unknowns com-
prise K component distributions F7, . .., Fx and K — 1 independent weights (74, . .., Tx ) satisfying
Zle mr = 1. By contrast, in the data, only a single distribution is observable—the left side of
(T2)). Such a decomposition is thus undetermined, and additional assumptions are required for iden-
tification. A large literature provides sufficient conditions for the identification of mixture models.
Some work has imposed a parametric structure on mixture components by restricting each of them
to belong to a known, usually common, family, such as Normal or Gumbel; see [Teicher| (1961) for
a classic reference. Other work has developed nonparametric or semiparametric identification strate-

gies, which follow two main approaches. The first one relies on exclusion restrictions, that is, on the

existence of variables that affect either mixture weights or components but not both, and thus help

ZFiniteness of € is a standard specification (see Keane and Wolpin, [1997 for a classic example). It accommodates
multidimensional efficiency types while restricting them to take finitely many values. Since the model has been de-
scribed for a finite V', we maintain this formulation in the econometric analysis as well. Appendix [D]discusses how our
econometric approach can be extended to the case in which e,, and 7,, ; are continuous and multidimensional.
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recover them separately (Henry et al., 2014; |(Compiani and Kitamura, |2016; Jochmans et al., [2017).
The second approach exploits the joint distribution of the wage vector (w,, 1, . . ., wy, 1), rather than
the wage distribution at each time ¢ as in (I12)), and leverages assumptions about the intertemporal
dependence structure of wages—such as conditional independence or Markovianity—together with
the restriction that the number of latent classes is constant over time (Hall and Zhou, 2003}; |Allman
et al.| [2009; |[Kasahara and Shimotsul, [2009; | Bonhomme et al., [2016a.b).

None of these approaches applies to our framework. Starting with the standard parametric ap-
proach, as the simplified wage equation in (TI])) makes clear, each mixture component Pr (wn,t <
w|-, e,, n57") is essentially governed by the distribution of the shock e, (d) conditional on (D,,, =
d, sn+). Because workers select into jobs D,, ; based on s, ; and the vector of shocks ¢, ;, the distri-
bution of ¢, ;(d) conditional on (D,,; = d, s,,) is the outcome of workers and firms’ intertemporal
job and wage decisions. Thus, it will typically differ from the unconditional distribution of €, ;(d)
and may not admit a standard parametric form@ We must then rely on identifying assumptions that
accommodate highly flexible mixture component distributions.

The existing nonparametric or semiparametric approaches described are not suitable for our
framework either. In the class of models we consider, exclusion restrictions do not naturally arise:
any variable that affects the conditional distribution of worker-efficiency types and performance
signals—and so mixture weights—also affects the conditional distribution of wages—and so mix-
ture components—and viceversa. Also, although our model has a Markovian structure in that serial
dependence in wages arises only from the state s, ;, the number of latent classes of the period-t
mixture representing equilibrium wages is not constant over time, unlike in the literature on mixture
models that exploits the joint distribution of (w,, 1, ...,w, ). In fact, the number of latent classes
grows rapidly over time with the length of the signal history n’!.

In light of these considerations, we exploit a recent result by Aragam et al. (2020), which provides
mild conditions for identification by requiring that the wage mixture in admit a clusterable finite-
mixture representation. Specifically, the wage distribution must be expressible as a finite mixture
whose components {Pr(w,; <w|-, e, =e,nl 1 =n""1)} -1)eexpr—1 are sufficiently distinct—and
so clusterable in the precise sense defined by Aragam et al. (2020)—to be identifiable. A canonical
and widely used example of this class is a finite mixture of continuous mixtures of Normals, with

means and variances that differ sufficiently across components (Bruni and Koch, 1985; Aragam et al.,

?*The unconditional distribution of €, +(d) need not be closed under conditioning. By “closure under conditioning”,
we mean that if a random vector ¢ follows a parametric family Fjp, then for any selection event A defined in terms of
¢, the conditional distribution €| A still belongs to the same family, that is, €|A ~ Fp, for some §’. This requirement is
satisfied only by a few families of distributions, such as i.i.d. type-I extreme value (Gumbel) distributions.
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2020). In this case, each mixture component of (12) is itself a continuous mixture of Normals,

Pr(wm <w|, e, = e,nfl_l = nt_l) = /(I> (w — ,u) dﬂ'e’nt71<[1,, 02| .)7

g

with the mixing distributions {7, -1 (1, 0%|-) }e.yt-1yeexae—1 satisfying a non-overlapping support

lt—l)

condition in that for any two distinct indices (e, ™) # (¢/,n , the supports of the corresponding

mixing laws over (u, o?) are disjoint, that is, supp (We’nt—l) N supp (7Te/7,7/t—1) =0

Intuitively, finite mixtures of Normals are known to be identified (Teicher, 1963)). |Bruni and Koch
(1985) show that this logic extends to finite mixtures of continuous mixtures of Normals, provided
that the parameters (1, 02) that govern each mixture component are from distinct (non-overlapping)
regions of the parameter space across components. This condition rules out any observationally
equivalent re-partitioning, or clustering, of the overall mixture, guaranteeing the unique recovery
of its components and weights. Aragam et al. (2020) further extend this result to clusterable finite
mixtures, which include the setting of Bruni and Kochl (1985) as a special case. Since continu-
ous mixtures of Normals are known to approximate any distribution arbitrarily well (Nguyen and
McLachlan, 2019), we view the restriction to a clusterable finite-mixture representation as minimal.
In particular, this class is well suited to modeling the selection-contaminated mixture distributions
that arise in complex settings like ours when workers dynamically sort into jobs D, ; based on €, ;.

As 1s well known, finite-mixture models are identified only up to a labeling of their weights
and components, since their likelihood is invariant to permutations of them. Labeling the weights
and components in (T2)) with respect to the latent variables (e,,, n’~!) is needed only for the first four
periods of the data so as to identify the learning process. Indeed, identifying the latter entails combin-
ing the mixture weights of the first four periods, which in turn requires a consistent labeling of these
weights across these periods; see Appendix [B] Once the learning process is identified, the remaining
primitives—namely, the law of motion of the state, the CCPs, the deterministic wage component, the
distribution of productivity shocks, expected output, and the human capital function—can be recov-
ered without further linking mixture weights and components over time. To consistently label weights
over the first four periods, we use the variances of the mixture components to order weights with re-
spect to e,,, and the means of the mixture components to order weights with respect to 1.1, The latter
ordering follows from monotonicity conditions that are natural for the class of models we study. As
higher-ability workers are more likely to produce high output (a(H,, 1, Dy g, €n) > B(Hp 1, Doty €n)),

expected output increases with the belief P, ; that a worker is of high ability for given D, ;, s, ;, and

ZThis condition requires that the means and the variances of the mixture components differ sufficiently across them,
but it does not require that mixture components have disjoint supports. In fact, their supports may arbitrarily overlap.
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€n.t(Dy.1). In semiparametric contexts such as those we consider in Section this monotonicity suf-
fices for ordering purposes. In general, wages can be shown to increase with P, ; if the compensating

differential is not too large, as we find in the data

State Law of Motion and CCPs. The weights of the mixture in yield several key primitives

of interest. In particular, these weights allow us to recover the distribution of performance signals

conditional on a worker’s ability #,,—that is, the probabilities «(H,, 1, Dy ¢, €,,) and B(H,, 1, Dy, €5,)

defined in Section and the prior belief (P, 1,1 — P, 1) about ability 6,, being high (@) or low (0).

We then pin down the posteriors { P, ;}7_, by recursively updating P, ; via (3), and so identify the

learning process. The mixture weights are also instrumental in identifying the CCPs, Pr(D,, ;|$y.¢).
To see this latter point, consider period ¢ = 2 and note that by Bayes’ rule,

Pr(en, nn,l |Hn,1> Dn,la Dn,2) Pr(Dn,QyHn,b Dn,l)
Pr(ena 77n,1|1{n,17 Dn,l) ’

Pr(Dn,2|Hn,1;Dn,laenann,l) - (13)

where Pr(e,, 0,1|Hn 1, D1, Dy 2), the identified mixture weight in ¢ = 2, is known at this stage,
Pr(en, Mn1|Hp1, Dp,1) is immediately identified from it, and Pr(D,, 5| H,, 1, Dy, 1) is known by As-
sumption 2| Thus, the left side of is identified. Observe that Pr(H,, 1, Dy, 1, €p, 1) is also iden-
tified from the mixture weight in ¢t = 2. Once Pr(D,, 2|Hy1, Dyas €ny i), Pr(Hya, Dy, €ns o),
and the mapping from realizations of (H,, 1, Dy 1,€,,7n1) to realizations of s,, o are known—this
mapping is identified from the law of motion of s, ; as discussed—we can recover Pr(D,, 5|s,.2)
from them. Importantly, in contrast to the standard approach in dynamic discrete choice models—
which identifies CCPs directly from discrete choices—here CCPs are recovered from the continuous

portion of the data, namely, the wage distribution, through its mixture representation.
3.4 The Extremal Quantile Step

We first provide an overview and then a formal argument for the simplified wage equation in (TTJ),
which is new in that it applies to both thin- and fat-tailed selected outcome distributions and so ac-

commodates wage distributions—such as that of the United States—with substantial top inequalityE]

2By (@), the discussion following it, and the fact that a(H,, 1, Dy, i,en) > B(Hp1,Dnyyen), ahigher P, ; leads
on average to higher output. This first-order stochastic dominance relationship between beliefs and output translates
into an analogous one between beliefs and wages that is well supported by the data (see the reviews by Rubinstein
and Weiss| 2006/ and (Waldmanl [2012)). Thus, empirically, any non-monotonicity of the compensating differential with
respect to beliefs does not reverse the overall monotonicity of wages with respect to beliefs, which we use to label
mixture components. This logic, stated for the first four periods of our panel, extends to all subsequent periods.

21D’ Haultfoeuille and Maurel|(2013) identify the deterministic wage component in a static single-agent Roy model by
exploiting the extremal tails of the distribution of wages. Whereas those authors focus on thin-tailed wage distributions—
see their Assumption 2—we allow for wage and log-wage distributions with fat tails. Briefly, the difference between
their argument and ours is as follows. |D’Haultfoeuille and Maurel| (2013) fix a very high wage level w’ and consider
the share of workers with wages above w’, namely, the corresponding tail probability. They then infer the deterministic
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Deterministic Wage Component: Intuition. Through the mixture step, we identify several prim-
itives of interest, including the law of motion of the state s,, ;, the distribution of job choices D, ;
conditional on the state s, ; (CCPs), and the distribution of wages w,,; conditional on job choices
D, ; and the state s, ;. These distributions alone, though, are not sufficient to identify the wage com-
ponents {(p(d, sn.t) }aep because workers choose jobs D, ; based on the vector of shocks ¢, ,—that
is, there is selection on ¢, ;. Addressing this endogeneity problem, which is the focus of the literature
on the Roy model, motivates our use of extremal quantile methods in the next step.

Nonparametric or semiparametric identification arguments for static Roy models typically lever-
age excluded regressors with rich support that shift wages in only one job—job-specific excluded
regressors—so that for workers experiencing extreme values of such regressors, the choice of that
job becomes nearly certain and independent of their unobserved characteristics (Chamberlain, |1986;
Heckman, [1990). For such workers, the expected wage conditional on the chosen job coincides with
the unconditional expected (potential) wage, thus eliminating selection and allowing for the direct re-
covery of the deterministic wage component ¢(-) from observed wages. Dynamic extensions of these
arguments usually rely on both job-specific excluded regressors and additional simplifying assump-
tions, such as directional and irreversible choices or absorbing states. For instance, in the schooling
context studied by [Taber (2000), students acquire grades and degrees one at a time, an earned grade
or degree cannot be revoked, and withdrawing from school effectively precludes re-enrollment.

In our framework, these dynamic restrictions do not apply and job-specific excluded regressors do
not naturally arise. In particular, two seemingly natural candidates for job-specific excluded regres-
sors fail to meet this requirement: beliefs about a worker’s ability, once identified via the mixture
step, and a worker’s job tenure. Indeed, since ability 6,, is general across jobs and our setting is
one of common learning, beliefs about a worker’s ability are summarized by a single (probability)
distribution, (P,;,1 — P, ), over a worker’s possible ability level, g or 6, that affects wages at all
jobs—rather than a collection of job-specific distributions over a worker’s job-specific level of ability
affecting wages at each corresponding job. Hence, beliefs cannot serve as a job-specific excluded
regressor. Similarly, a worker’s job tenure, which is part of I'~!, influences both human capital and

information accumulation and, in turn, affects wages at all jobs

wage component ¢(-) from how that share changes when w’ changes as o(-) varies. With fat tails, the share above such
a large w’ changes very little when w’ changes, so ¢(+) is hard to pin down, which explains their focus on thin-tailed
distributions. Our approach instead starts by fixing the tail probability—a small enough one, for instance, the top 1%—
and looking at the wage level w’ corresponding it. We then infer o(-) directly from how w’ changes as ¢(-) varies. As
w’ moves one-to-one with (), ¢(-) can be identified without requiring thin tails.

280ther work has shown that the deterministic component of wages in static Roy models can be identified without
job-specific excluded regressors, provided we observe at least as many continuous worker attributes as job alternatives;
see, for instance, [Lee and Lewbel (2013) and [Kim and Lee| (2025). However, employer—employee matched datasets
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To overcome these challenges, we apply a logic akin to that proposed by (Chamberlain| (1986)
and Heckman| (1990) for the static Roy model, but exploit the rich support of the wage rather than of
any job-specific excluded regressors. Intuitively, at an extremal quantile of the distribution of wages
at a given job for a given state and time period, the realized productivity shock at that job must
have been exceptionally high, making it by far the best assignment for any worker paid such a wage.
For such workers, the extremal wage quantile conditional on the chosen job then coincides with the
unconditional extremal (potential) wage quantile—again, selection is effectively eliminated—so the

deterministic wage component ¢(-) can be easily recovered from observed wages.

Deterministic Wage Component: Argument. Consider the simplified wage equation in (T]). For
the rest of this section, assume that for each ¢t € {1,..., T}, the distribution of wy,+ conditional on
(Dp.t, Sn¢) and the distribution of D,, , conditional on s, ; (CCPs) are identified, as ensured by the
mixture step. The goal now is to recover from them the deterministic component of potential wages,
©(d, s), for each firm d and realization s of s, ;. The argument relies on two main assumptions.
First, we impose a tail regularity condition by requiring that the extreme right tails of the potential
wage distribution w,, +(d)|s, = s and the observed wage distribution w,, ;|(D,+ = d, s, = s) can
be inverted into extreme quantiles—namely, the relevant wage CDFs are continuous and strictly
increasing sufficiently far in the right tail. For simplicity, we assume an unbounded right support for
both potential and observed wages@ Second, we impose a tail limit condition on worker selection
into any firm d by assuming that there exists an unknown constant ¢;(d) € (0, 1] such that for every s,
the probability Pr(D,,; = d|s, = s, w,(d) > w) converges to ¢ (d) as w grows arbitrarily large.
This condition requires that as the potential wage at firm d becomes arbitrarily large, the proba-
bility of workers’ selection into firm d converges to a strictly positive constant ¢,(d) invariant across
states s. In particular, it rules out (i) lack of convergence of the selection probability, and (ii) de-
generate tail selection, whereby the probability of choosing firm d, conditional on a high potential
wage, converges to zero. Appendix [G.1] of the Online Supplementary Material shows that for this
tail limit restriction to be satisfied, it is sufficient that the productivity shocks {e, :(d)}4ep be only
moderately dependent—see Corollary 4.1 of |D’Haultfoeuille and Maurel (2013) for an analogous

condition. Although restricting the dependence among shocks in the static Roy model may be unde-

such as the LEHD record worker attributes like education in coarse, discrete categories, and do not contain continuous
worker attributes. The belief (P, ¢, 1 — P, ), once identified via the mixture step, could be treated as an approximately
continuous regressor, but, as discussed, it is a single probability distribution over a worker’s general ability 6,,. Thus,
it does not provide the required number of continuous regressors. [Honoré and Hu| (2020) characterize bounds on the
parameters of sample-selection models in the absence of excluded regressors.

2If the right endpoints are finite, then the same reasoning goes through by taking limits at the endpoints. Footnote
in Appendix [B.4]in the paper and Appendix [G.2]in the Online Supplementary Material provide further details about the
case with bounded support, including a proof identifying the support endpoints of potential wages and shocks.
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sirable, as these shocks are typically the sole source of unobserved heterogeneity and thus the only
latent feature through which potential wages can be correlated, for the class of models we study, this
assumption is less consequential. Dependence across potential wages is captured by other latent state
variables (e, and P, ;) so productivity shocks can be treated as akin to residual independent errors.
Given these two assumptions, we show that (d, s) is identified in three steps. First, from Bayes’
rule and the identity Pr(w, :>w|D,,;=d, s+ = s) =Pr(w,+(d) >w|D,,+=d, s, +=5s), it follows

Pr(Dn,t = d|5n,t =S, wn,t(d) > w)
Pr(Dy: =d|spt = )

Pr(wps > w|Dpt =d, sp = s) = Pr(wp (d) > w|spt = s). (14)

Letting w — oo and using the tail limit condition, (14)) implies that
Pr(w,; > w|Dpt = d,spt =) ~ c(d,s) Pr(wn4(d) > w|s,: = s), (15)

where ¢;(d, s) == limy, 00 Pr(Dyy = d|spt = 8, wn1(d) > w)/Pr(Dys = d|s,: = s) equals ¢;(d)/-
Pr(D, ;=d|s,;=s), exists, and is nonzero. By (I5), the extremal right-tail probabilities of observed
selected wages (left side of (I3)) are proportional to those of unobserved potential wages (right side
of (13)), with nonzero finite proportionality factor ¢;(d, s). Second, by the tail regularity condition,
(T5) can be inverted to obtain a simple relationship between extreme 7-quantiles of observed wages

(left side of (I6))) and of potential wages (right side of (16)) as T approaches 1,

an,an,t:d,sn,t:s(T) = @(da 5) + Qen,t(d) (1 - % + OS<1 - T))? (16)

where the right side of uses that w,,(d) = ¢(d,s) + €,+(d). Third, we apply first at
state s and quantile 7;,, and then at state 5 and quantile 745, with 74, and 745, satisfying 1 —
(1= 7a54)/ce(d, s)=1—(1 — 745+)/c:(d, 5) and the normalization ¢ (d, 5) = 0[7|Subtracting the re-
sulting two expressions term by term and noting that the difference between the remainder terms van-
ishes as 745, and 745, converge to 1, we obtain Q. D, ,—d,sn.c—s(Td.s,t) = Qun.t| Do=d,sn.—=5(Td,s5,0) =
¢(d, s). Since this quantile difference can be calculated from the data, ¢(d, s) is identified ]

As shown in Appendix [G.3] of the Online Supplementary Material, this identification approach

extends to wage specifications in which the shock €, ;(d) in (TI)) is multiplied by a scale function

39As in standard Roy models, wages are identified only up to an additive constant, here ¢(d, 5). Alternatively, the
error term can be normalized to have zero unconditional mean or median (French and Taber, 2011)).

3lFor this difference to serve as an identifying condition, the indices 74 s+ and 745 must be known. We can freely
pick any 74 5 + and then set 74 5 ¢ equal to 1 — ¢;(d, s)(1 — 74,5¢)/ct(d, §). One can next use the tail limit condition and
(T3], under which ¢;(d, s) = q:(d)/ Pr(Dy ¢ = d|snt = ), to calculate the ratio ¢,(d, s)/c¢(d, §) from the data as

( ,5) B qt(d)/Pr(Dn,t = d|3n,t = 5) B Pr(Dn,t = d|3n,t = 3)-
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o(d, sp+) as, say, in wage equations typical of search models, in which wages are inherently het-
eroskedastic because the parameters of the output technology enter as shifters of the error-term dis-
tribution (Bagger et al., 2014). (See Appendix |H| of the Online Supplementary Material for the
extension of our identification arguments to search models.) This wide applicability of our approach
stems from the extremal quantile step not relying on the specific mechanism governing job choices,
D, ;. It can thus accommodate any arbitrary dependence between those choices and the unobserved

shocks €, ; in any model with a wage equation of the form in or (TT).

Productivity Shocks. So far, we have shown how several primitives of interest—such as the law of
motion of the state including the learning process, the CCPs, and the deterministic component ¢(-) of
potential wages—can be identified with essentially no parametric assumptions through the mixture
step. From this step, as discussed, it is also easy to identify the distribution of ¢(d, s,, +)+€,+(d) con-
ditional on a worker’s job choice D,,; = d and state s, ;. With ¢(d, s,,;) identified via the extremal
quantile step, we can then pin down the distribution of ¢, ;(d) conditional on (D,,; = d, sn,t) To
identify the unconditional distribution of €, ;(d), which is of interest to recover y(-), measure the im-
portance of the output complementarities captured by y(-) relative to shocks for sorting, and quantify
the determinants of the wage markdown, we proceed as follows.

By (I3)), the extremal right-tail probabilities of observed wages at any job are equal to the ex-
tremal right-tail probabilities of unobserved potential wages up to the nonzero finite factor ¢;(d, s, +).
This factor ¢;(d, s,,+) cancels out when we take ratios of survival functions of observed wages far out
in the right tail. Since wages are the sum of ¢(d, s,,;) and €, +(d), and ¢(d, s,,;) is identified by the
extremal quantile step, it follows that we also nonparametrically identify the ratios of the survival
functions of ¢, .(d) far out in the right tail. From this asymptotic tail information alone, we can-
not nonparametrically recover the full unconditional marginal distribution of ¢, ,(d). However, for
any parametric family for €, ,(d) such that sufficiently far out in the right tail, the ratios of survival
functions are injective in the parameters of the family—we term such families tail-ratio identifi-
able—these ratios yield a finite system of equations whose unique solution identifies the parameters
of the unconditional marginal distribution of enyt(d)ﬁln the scalar-parameter case, this property of
tail-ratio identifiability reduces to the condition that the elements of the family be locally—that is,

far in the right tail—orderable in the monotone likelihood-ratio sense. In Appendix [E| we prove this

32The mixture step yields the distribution of €n,+(d) only conditional on the time-t observed job choice D,, ; = d and
5n,t» Which can substantially differ from the unconditional one except in special cases; see footnote 24] Recovering the
unconditional distribution of €, ;(d) would be possible, by the law of total probability, if the mixture step pinned down
the distribution of ¢,, ;(d) conditional on D,, ; = d for every deD (factual and counterfactual) and s, ;.

3For related identification results from tail restrictions on the error distribution, see Abbring and Ridder| (2015).
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identification result and show that the property of tail-ratio identifiability is shared by many families

of distributions common in applied work, such as the Normal, Lognormal, Pareto, and ExponentialEr]

Expected Output and Compensating Differential. When equilibrium wages do not feature a com-
pensating differential term or the wage equation, as in search or wage-bargaining models, has a par-
ticular structure nested by our model (see Appendices [G.3] and [H), the extreme quantile step also
recovers expected output y(-), since either ¢(-) reduces to y(-) or y(-) can be immediately obtained
from it, for each s, ;. In the general case of our model, we identify the expected output function
y(-) as follows. As shown in Appendix [F.2| of the Online Supplementary Material, the market-wide
allocation of workers to firms can be represented as the solution to a pseudo-planning problem—a
collection of pair-wise match surplus maximization problems between workers and their employing
firms. Thus, once the state law of motion, CCPs, and the distribution of the vector of productiv-
ity shocks ¢, ; are recovered, y(-) is identified by standard arguments for dynamic discrete choice

models (see, for instance, Magnac and Thesmar, 2002) and so is W(+) from ¢(-).

Human Capital Process. From the expected output function y(-), we can recover the human capital
function h,(-) as follows. Let Z,,; == (H,1, I} e,) so that s,,; = (Z,4, Pny). Given N = {n,n},
define hy ;(Zn1) = ha(Zn.,n) and hat(Zns) = ha(Zn, 7). Then, expected output can be expressed
as yY(d, Zn,t, Pot) = hgy(Znt) + [det(th) —Qdi(th)} P, :, where P, ; is known, since the learning
process has been identified. The identification of h,,(Z, ;) and hat(Zn) is guaranteed by a simple
rank condition. Specifically, there must exist two realizations, p; and ps, of P, ; such that p; # p,.
Under this condition, the two equations obtained by evaluating y(d, Z,,;, P,) at P,,; = p; and

P,.: = p» provide a non-degenerate linear system in the two unknowns A ,(Z, ) and ha¢(Zn,) that

has a unique solution. The argument naturally extends to A of any finite cardinality.
3.5 Second-Best Firm

Our wage equation in (10) depends on both a worker’s first-best (or employing) firm D, ; and second-
best firm D), ,. Like D, ;, D, , is determined by a worker’s ranking of the wage offers received
in period ¢, which is a function of s, ; and ¢,;. Unlike D, ;, however, under Assumption 2| the

econometrician does not observe the distribution of D/, ,. In general, such a distribution cannot be

34In competing-risks models without covariates, the joint distribution of the latent risks cannot be nonparametrically
identified (Tsiatis,|{1975)). Heckman and Honoré| (1989) establish that under sufficiently rich covariate variation—that is,
with at least as many continuous covariates as causes of failure among other conditions—this joint distribution can be
nonparametrically identified. In our setting, this requirement of rich covariate variation amounts to the availability of at
least as many continuous regressors as firms—either observed in the data or components of the state s,, ; identified in
the mixture step. Absent those, as discussed in the context of the recovery of the deterministic component of wages, the
joint distribution of €,, ; can only be point identified, say, via an explicit independence assumption or parametric copula,
or partially identified, say, via the Fréchet-Hoffding bounds or the tighter bounds characterized by [Petersen| (1976).
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identified from the joint distribution of {wy, +, H,, 1, Dmt}tT:r This difficulty is analogous to that in a
second-price auction in which the econometrician only observes the winning bidder’s identity and the
transaction price. The latter reveals the value of the second-order statistic of the submitted bids—
the second-highest bid—yet it does not reveal the identity of the second-highest bidder. Absent
additional structure, the distribution of the second-highest bidder’s identity need not be uniquely
pinned down by the joint distribution of the winning bidder and the transaction price.

In principle, we can identify the conditional distribution of D) , by incorporating it into the

wage-mixture representation in (I12)) as an additional latent component in that

Pr(wnyt < w}Hn,l, Dfl) = Pr(D;m =d, e, =en = 77t71|Hn71, DZ)

Z(d’,e,nt_l)EDXSX.N't—l
x Pr(wyy < w|H,,, D, D,,=d e, =e, nit=n'". (17)

This augmented finite mixture can be identified once it is cast as a clusterable one (Aragam et al.,
2020). In particular, identification of this augmented mixture yields the conditional distribution of
D;, ; given the observables and the other latent components (e, nt=1) indexing the mixture. The
arguments in Sections [3.3]and [3.4] then proceed analogously.

In addition to this approach, we also propose an empirically motivated strategy that is consistent
with common settings of incumbent-poacher competition (see, for instance, |Bagger et al., 2014 for
a related application and the references therein). In the U.S. LEHD data we use in our empirical ap-
plication, worker mobility is predominantly local, with most job-to-job transitions occurring within
narrowly defined industries and counties. Based on this pattern, we define a worker’s labor market
by the worker’s industry (NAICS3) and county of employment. Markets constructed at this NAICS3
x county level capture the bulk of observed mobility: about 80% of workers remain in the same
such market between any two consecutive years. This definition of a labor market leads to an easy
recovery of each worker’s second-best firm D;, ;. Indeed, given this definition, employment in most
labor markets is concentrated among a small number of firms. In more than 70% of these markets,
although the median number of firms per market is five, only two firms have each at least 10% of
employment in the market (see Bardoczy et al., 2025)). Together, those two firms on average account
for 78% of total market employment. For any such market, we cap the number of firms at two so that
once the employing firm is observed, the second-best firm is identified as the remaining one. For the
residual 30% of markets in which more than two firms have each at least 10% of employment, we
proceed along the lines of Sorkin| (2018) and infer a worker’s second-best firm from the pattern of

worker turnover across firms in the relevant market. Assumption |3|formalizes this approach.
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Assumption 3 (Second-Best Firm). Let D(X,,;) C D denote worker n’s labor market in period
t observed by the econometrician and constructed from covariates X,,; external to the model. If
'D(Xont)| = 2, then Dy, , is the other firm in D(X,, ;). If [D(Xn:)| > 2, then there exists a known

mapping my such that D}, , = my(Dy, ¢, Snz)-

Here, X,,; can be industry and county of employment; m; can be determined from the transi-
tions of “otherwise identical” workers across firms[”| In Appendix [B] we extend the identification

arguments outlined in Sections [3.3] and [3.4] to our general wage equation in (I0) under Assumption

Bl

4 Estimation

Our estimation approach mirrors our identification argument—a mixture step followed by an ex-
tremal quantile step. We just introduce a few parametric assumptions and simplifications for tractabil-
ity. As mentioned in Section [3.1] our identification strategy does not require the econometrician to
observe beliefs P, ;, performance signals {7, +(d) }4ep, or output {Y}, :(d)}4ep nor does it require
proxies for these objects. When additional information on worker performance is available—or when
credible proxies for it can be constructed—estimation can nonetheless be simplified by recovering
the learning process in a preliminary step prior to the wage-mixture estimation.

We illustrate this possibility by constructing a proxy for the performance signal about ability
using the LEHD data (see Ganong et al., 2025/ for a related construction). Specifically, we focus on
worker-firm pairs with at least five quarters of employment. For any given quarter ¢, we first calculate
the average quarterly labor earnings from the preceding three quarters ¢ — 3 to ¢ — 1. We then define
an observation of high performance pay in quarter ¢ as the event that earnings are more than 50%
higher than lagged average earnings. Accordingly, we interpret this event of high pay as an instance
of a high performance signal, 1, = 7). Given these constructed proxy signals, we estimate the signal
distribution conditional on 6,,—namely, &(H,, 1, Dy, +, €,) and 5(H,, 1, D, +, e,,)—and the prior belief
P, 1 via the binomial mixture representation discussed in Appendix This step yields posterior
beliefs P, ; for each worker n and, by recursively updating P, ; according to (3)), for every t > 2.

We determine each worker’s second-best firm in every period, D’ ,, as outlined in Section

n,t?

with labor markets defined at the NAICS3 x county level. Having recovered the learning process

35In each market and for each group of workers defined by common observed characteristics such as gender, education,
and occupation, we define the second-best firm as the “destination” firm that attracts a sufficiently large share of workers
who separate from a given firm. For the average firm in our sample, about 75% of workers who separate from their
employer (90% when weighted by wages) switch to a single firm within the same NAICS3 x county market. Note that
given our market definition, no dimension-reducing aggregation of firms into types (Bonhomme et al., 2019)) is needed.
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and workers’ second-best firms, the observables used in the mixture and extremal quantile steps are

(Dn,ta D/

n,t’

H, ., It P, ;). In most of our applications, we specify the mixture distribution of wages
as a finite mixture of Normals for simplicity, by assuming that the productivity shock ¢, (D;, ;) in

Hn,la ]tila Pn,t7 en), Wlth

n

the wage equation in (I0)) is normally distributed conditional on (D, ;, D, ;,

mean and variance allowed to flexibly depend on these variables to account for worker selection into

D, ; and D;’t based on €, ;. Then, the conditional wage distribution in ¢ is the finite mixture

Pr(wn’t S w|Dn:t = d’ D;"L,t = dlv Hn,l = h’7 Iiil =t Pn,t = p)
= Zeeg Pr(e, = e|Dpy =d, D), =d H,y =h, I, =1, Py = p) (18)

X Pr(wmt < w|Dn,t = d7 D;z,t = dlaHn,l = h>I7t1_1 = Lapn,t =D, en = 6)a

where each component, wy, ;| Dy =d, D, ;=d', H,1=h, I'"'=y P,,=p,e,=e, is normally dis-
tributed, N'(o(d, d', h,t,p,e)+u(d,d' h,i,p,e),0%(d,d h,t,p,e)), with the unknown conditional
mean and variance of €, (d’, €) given by pu(d,d', h,t,p,e) and o2(d,d’, h, 1, p,e). We examine the
robustness of our results to alternative mixtures of Pareto and Pareto-lognormal distributions.

For each latent class e, = e € £ of the wage mixture in (I8]), we parameterize the deterministic
wage component o(d, d', h, v, p,e) = y(d', h,t,p,e) + V(d,d', h,t,p,e) with the finite-dimensional
vector of parameters b(d,d’,e) = (b,(d’,e),by(d,d',e)). As discussed in Section [2| after equation
(@), our model implies that the expected output function net of productivity shocks is affine in P, ;,
and so is fully characterized by an intercept and a slope with respect to P, ;. Accordingly, the ex-

pected output function (net of productivity shocks) takes the form

y(dv hv Lp, 6) = [by,O(d7 6) + by,l(d7 6) h + by,?(dy 6) L+ by,S(d7 6) h L]
+ [by,4(d, e)+bys(d,e) h+bye(d,e) e+ by7(d,e)h L] D.

We approximate the compensating differential W(d, d', h, ¢, p, ) with a flexible quartic polynomial
in (h, ¢, p) with parameter vector by (d, d’, e), allowing for rich nonlinearities and interaction terms
while keeping the number of coefficients manageable to ensure a fast and numerically stable im-
plementation. We estimate the parameters {b(d,d’,e)}(4a)ep2 by adapting the extremal quantile
regression approach of |D’Haultfoeuille et al.| (2018), who extend the extremal quantile regression
methods of |[Chernozhukov| (2005) to allow for selection. This inner extremal quantile step is nested
within an outer maximum likelihood (ML) step, in which we fit a finite mixture with |£| components

and mixture weights {Pr(e,=¢|D,,=d, D, ,=d', Hy,1=h,I}7' =1, P,;=p)}eee as in

36We estimate an intercept for wages by centering the unconditional extremal quantile of the productivity shock at
zero. Since expected output is estimated from the wage mixture under our parametric specification, without relying on
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Remark 4 (Estimator and Large-Sample Properties). Let the conditional wage distribution admit the
finite-mixture representation in (I8), with wages parameterized by b(d, d', e) for (d,d',e) € D? x &.
Our estimator b is obtained by (i) fitting the |E|-component mixture in (18) by maximum likelihood;
and (ii) estimating {b(d,d',e)} via extremal quantile regression. Under standard regularity condi-

tions , b is consistent and asymptotically normal.

In the next section, we show that this estimator behaves well in finite samples.

S5 Wage Inequality: The Role of Sorting and Monopsony Power

We now rely on our framework and econometric approach to investigate labor market sorting and

firm monopsony power using the U.S. LEHD data.
5.1 Simulation Exercises

Here, we illustrate key features of our framework and the properties of our estimator through rep-
resentative simulation exercises. In what follows, we describe how we simulate the model, how we
estimate its parameters on the simulated data and the quality of the resulting estimates, and what

these estimates imply for the sources of labor market inequality and their appropriate measurement.

Model Simulation. We simulate a finite-horizon version of our model with two worker-efficiency
types (or “discrete fixed effects”, following the terminology of Bonhomme et al.l 2019), e,, € £ =

{e, e}, high and low, and two firms, |D| = 2. Each firm consists of two jobs, j € J = {H, L},

high and low, ordered by their complementarity with respect to worker ability 6,, and efficiency en
The two jobs provide identical opportunities for human capital acquisition and learning about ability,
but the jobs of different firms are differentially informative about ability. Thus, jobs differ only in
how worker ability #,, and efficiency e, map into expected output. We maintain that High-ability
(0, = 0) and high-efficiency (e,, = €) workers produce more, on average, than low-ability (4,, = 6)
and low-efficiency (e,, = e¢) workers in the high-efficiency job 7 = H, whereas low-ability (6,, = 6)
and low-efficiency (e, = e) workers produce more, on average, than high-ability (4, = 6) and
high-efficiency (e,, = €) workers in the low-efficiency job j = L.

We solve for the equilibrium by backward induction exploiting that in this two-firm, two-job
setting with symmetric human capital and information acquisition across jobs, the equilibrium is

efficient. The allocation of workers to firms and jobs can then be characterized as the solution to

methods for dynamic discrete choice models, no additional normalization is needed. See Appendix @ for details.

37 As explained in Section [2} our model and econometric results immediately extend to settings in which firms’ pro-
duction is organized into multiple jobs and, accordingly, firms’ offers specify both a wage and a job assignment for a
worker in a period. See Appendix |F.2|of the Online Supplementary Material.
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the planner’s problem of maximizing the expected present discounted value of (log) output in each
period; see Appendix [F] of the Online Supplementary Material. Such social welfare value is

S(Snt,€nt) = ma {d,',sn—l—nd,'
( ,tﬁ,t) (d,j)eDXxj 3/( J ,t) 6,t( J)

—+ 6 [1 - C(Hn,la [72—1’ da])] /E[S(sn,t+l> 6n,tJrl) ‘ Sn,t7 d,j] dFen,t.H} (19)

for worker n at state (S, €,¢). We start from the terminal period 7' = 40 and set workers’ con-
tinuation values to zero beyond it We determine equilibrium wages in period 7' at each state
using equation (10), with the compensating differential term set to zero. For each remaining pe-
riod t € {1,...,39}, we solve the planner’s problem in (I9) taking as given the continuation social
welfare values at each state from period ¢ + 1 onward. In any such period, we determine both the
allocation of workers to firms and jobs and workers’ wages, which now include the compensating
differential term U (d, d', j, j', s,,+)—note that the compensating differential is now a function of job
j at the first-best firm d and job j’ at the second-best firm d’. We calculate this term using a worker’s
continuation match surplus value when matched with the worker’s current second-best firm d’ from
period ¢t + 1 onward. Interpreting one period as one year, the simulated panel consists of 1 million
high-ability workers (,, = 6) and 1 million low-ability workers (6,, = ), who are followed from
age 20 (t = 1) to age 60 (t = T'), thereby capturing most of their working life, and are assigned a
sequence of firm- and job-specific productivity shocks, 6,,-specific probabilities of generating a high
signal 7,,, = 7, and an e,,-specific prior P, ; of being of high ability. This prior is updated over time
based on realized output as in (3).

We choose the model’s wage parameters—namely, the slope and intercept of expected output,
the law of motion of human capital, the learning process, and the variance of productivity shocks—
so that the simulated data reproduce a rich set of moments from the U.S. distributions of (log labor)
earnings and (log) earnings changes from a PSID sample of heads of household aged 20 to 60 over the
period between 1970 and 2019. Table [I] reports the model’s fit to the targeted moments (left panel)
and a host of untargeted ones (right panel). The targeted moments describe the life-cycle profiles
of the mean and standard deviation of earnings. The untargeted moments consist of concentration
measures and AKM-type moments as well as cross-sectional moments of the distribution of earnings
changes over 1-, 3-, and 5-year horizons. As the table shows, in addition to fitting the targeted

moments, our model matches well the untargeted ones, including the share of the (residual) variance

3 Whereas the terminal period T' = 40 in this simulation and the panel length in the datasets coincide, this needs not
necessarily be the case as noted in our previous discussion of Assumption
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Table 1: Model Fit to Targeted and Untargeted Moments from PSID

Targeted Moments Untargeted Moments
Life-Cycle Properties Model Data Cross-Sectional Properties Model Data
Wage Growth (Life) 0.69 0.70 Top 10% Share 026 0.27
Wage Growth [20-30] 0.50 0.60 Top 1% Share 0.04  0.06
Wage Growth [20-40] 0.67 0.68 AKM Worker Share 053 0.52
Wage Growth [20-50] 0.71 0.70 AKM Firm Share 0.09 0.09
Wage Growth [20-60] 0.69 0.59 AKM Sorting 0.15 0.12
Std. Dev. (Life) 0.72  0.65 Std. Dev. (d1) 0.19 035
Std. Dev. (20) 0.61 0.62 Std. Dev. (d3) 026 045
Std. Dev. (30) 0.67 0.55 Std. Dev. (ds) 0.32  0.50
Std. Dev. (40) 0.62 0.66 Skewness (d1) 0.04 042
Std. Dev. (50) 0.68 0.70 Skewness (d3) -0.04 -0.03
Std. Dev. (60) 0.80 0.76 Skewness (ds) -0.13  -0.16

Note: The table shows moments of the life-cycle and cross-sectional distributions of wages calculated using the model-generated data (“Model”
column) and the PSID data (“Data” column). “Life” refers to the dispersion of log wages over the life cycle across all ages; the numbers in parentheses
denote, for the relevant moments, the ages over which they are calculated, for instance, Wage Growth [20-30] is the average (log) wage growth between
ages 20 and 30; growth moments are calculated in the data up to 1997. Std. Dev. (20) is the standard deviation of log wages at age 20. The left panel
reports model fit in terms of the life-cycle profiles of log wages (targeted moments). The right panel reports model fit in terms of the concentration of
wages and the log wage growth distribution (untargeted moments).

of log wages accounted for by firm and worker fixed effects, obtained by estimating a standard AKM
model as in (22)) below on our simulated data. Consistent with [Song et al|(2019), we find that the
shares of the variance of log wages attributable to worker and firm fixed effects are about 51% and
9%, respectively, whereas the share attributable to the covariance between worker and firm fixed
effects is close to 15%. These estimates are also close to those in [Bonhomme et al.[ (2023)). Finally,
workers receive as wages about 55% of their output, which is in the low range of the estimates for
the U.S. manufacturing sector (Yeh et al., 2022).

To better appreciate how the model compares with the PSID data, Figure [2] shows additional
moments for our simulated economy and, whenever possible, for the data. Starting from the top-left
panel, the simulated data (red solid line) match an increase in average earnings of about 0.6 log
points (82%) for workers between 20 and 60 years of age, as observed in the PSID (dotted blue line).
Similarly, the red solid line in the top-right panel, which reports the life-cycle profile of the standard
deviation of (log) wages implied by the model, overall increases by 20 percentage points in line with
the increase observed in the PSID over the same horizon (dotted blue line). Importantly, the bottom-
left panel shows that the distribution of wages generated by our model (red bars) closely resembles
the distribution of earnings in the PSID (blue bars). Finally, the bottom-right panel displays the
distribution of the compensating differential across workers, which is on average negative and equal
to -0.32, corresponding to about 22% of wages and 4% of expected output (in absolute value) for the
average worker. Hence, the compensating differential in our simulated economy on average reduces
wages relative to workers’ expected output at the second-best firm, as workers trade off human capital

accumulation and learning opportunities for lower current wages.
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Figure 2: Wages in Simulated Data and PSID Data
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Note: The figure shows the life-cycle profile of mean (log) labor earnings (top left), the life-cycle profile of the standard deviation of log labor earnings
(top right), and the cross-sectional distribution of wages (bottom left) calculated using the model-generated data (“Simulated Data”) and the PSID data
(“PSID Data”) as well as the cross-sectional distribution of the compensating differential calculated using the model-generated data (bottom right).

We note that the difference between a worker’s expected output at the first-best and second-best
firms is on average only about 35% of the expected output at the first-best firm—for more than a
quarter of all workers, this difference is at most 25%—and relatively stable over the life cycle. Thus,
the gap is moderate, which justifies focusing the discussion that follows about the measurement of

sorting and firm monopsony power on the role of the compensating differential in wages.

Estimation. We now show how the estimation procedure outlined in Section [4] performs on the

simulated data. To do so, we consider the (log) wage equation

— _ _ /A /A /A
wn,t _Z(d,j,d’,j’)E’DQXJQ IL{l)n,t - d, Jn,t =7 Dn7t - d7 nt J }

X [y(d/7jla Sn,t) + \Il(d’ dlaja j/7 Sn,t) + en,t(jla dl)] )

(20)

where J,,; and J;,, denote the first- and second-best firms’ job offers, and expected (log) output,
compensating differential, and productivity shocks are firm- and job-specific. In estimation, we treat
n,t> “n,t>

! ! ., and P, ; as observed together with (wy, ¢, Dy ¢y Jpts Hp1, Ifl_l). As discussed in SectionEI,

we parameterize expected output (net of productivity shocks) at firm d and job j as

y(d>j7 3n,t> = ?y,O(d7j7 en) + by,l(d>j> en) Hn,l + by,Z(d>j> en) Ifl_l + by,3(d7j> en) Hn,l Ifl_i

Vv
“intercept”
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+ [by,4(d> j> en) +by,5(d7 j7 en) Hn,l +by,6(d> ja en) Iflil"_by,?(da j, en) Hn,l If;l] Pn,ta (21)

J/

TV
“slope”

where H,, ; is a dummy variable taking value 1 if a worker’s education is high (say, college) and I ~*
denotes labor market experience or age. We define the “intercept” of expected output as the term
on the first line of (21)) and its “slope™ as the term in squared brackets on the second line of (21
multiplying P, ;. The intercept term is the expected output of worker n when of low ability, whereas
the slope term is the difference in expected output between worker n when of high ability and when of
low ability.These intercept and slope terms are of primitive interest because they describe the patterns
of workers’ absolute and comparative advantages across firms and jobs. In particular, they capture
the gains from sorting based on workers’ ability #,, and efficiency e,,. A higher slope, for instance,
due to higher initial or acquired human capital, amounts to a greater difference in the expected output
of a high-ability relative to a low-ability worker, and so implies larger gains from sorting based on
ability. Similarly, that output parameters b, (d, j, e,,) increase with e,, implies larger gains from sorting
based on efficiency en@ We return to this point below. Lastly, we approximate the compensating
differential ¥(d,d', j, j', s,.+) using a flexible quartic polynomial in (H,, 1, [{™*, Pn,t)m

Table 2] compares the values of the intercept and slope terms in (21)) estimated by our approach
(columns “Our”) and OLS (columns “OLS”) together with their true values used to generate the
simulated data (columns “True”). For each worker-efficiency and firm type (panels A to D), the table
reports these values averaged across jobs, separately for workers with low education (left panel)
and high education (right panel) at ages 25, 35, and 55. Clearly, the selection-corrected estimates
obtained with our procedure are much closer to the true values than the OLS estimates; see Table
in Appendix [A]for the corresponding standard errors. Table [3|reports cross-sectional moments of the
average compensating-differential-to-wage ratio V(d', d', j, j’, Sn.t)/wn.t, calculated on the simulated

data (row “True”) and estimated by our approach (row “Our”) and OLS (row “OLS”), across worker-

39We parameterize the probabilities o(H,, 1, d, j, e,) and B(H,, 1,d, j, e,) of high output for a high- and a low-ability
worker, respectively, as «(d) and 3(d). As discussed in Section[4] like in our empirical application, we obtain o(d) and
B(d) in a preliminary step, prior to the wage-mixture estimation, by constructing proxies for performance signals using
earnings data. Details on how the second-best firm D], ; and job .J}, , are recovered are provided in Section In the

exercises based on the simulated data, we use the values of P, ;, Dy, ;, and J}, , obtained from the simulation.

OWith hyi(d,j) = haj(Hn1, 15" en, ) and hy, (d,5) = ha;(Hp1, I, en,n), output in takes val-

n L
ves Y, 4(d,j) = hni(d,5) + €n4(d,j) and Y, .(d,j) = h,(d,j)+ €n(d,j) under Assumption Thus, net
of productivity shocks or in expectation over them, the expected output of a high-ability worker is h,, ,(d,j) +

a(Hn1,d,j,en)hnt(d, j)—h, (d, j)] and of a low-ability worker is h,, ,(d, j)+B8(Hy. 1, d, §, en)[n.¢(d, j)—h,, (d, 7)]-

n,t

Thus, expected output y(d, j, s,.+) equals the sum of P, 1{h,, ,(d,j)+a(Hpn1,d, j,en)[hni(d, j) — b, ,(d, )]} and

(I_Pn,t){ﬁn,t (d, j)+ﬂ(Hn,17 d7 j» en) [hn,t (d7 j)_gn,t(da j)]}’ which reduces to Qn,t (d7 j)+5(Hn,1> d7 ja en) [hﬂ,t(d’ ])_

by o (ds J)Ha(Hn 1, d, j, en) = B(Hp 1, d, j, €n)][hn i (d, 5)—h,, 1(d, 5)] Py i So, the intercept term is the expected output
of a low-ability worker and the slope term is the difference in expected output between a high- and low-ability worker.
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Table 2: Parameter Values of Expected Output Equation

Low Education High Education

Age Intercept Slope Intercept Slope

True Our OLS True Our OLS True Our OLS True Our OLS
Panel A (e, d)
25 1.32 141 151 035 034 057 199 197 226 053 052 0.82
35 .71 170 195 046 044 0.69 291 288 334 077 0.76 1.16
55 1.57 160 182 042 040 0.59 383 381 452 1.02 098 1.40
Panel B (e, d)
25 126 135 144 028 027 050 1.92 190 219 046 045 0.76
35 1.64 163 189 039 037 0.62 2.84 281 327 071 0.69 1.09
55 .51 153 1.75 035 033 052 376 3775 446 095 092 133
Panel C (g, d)
25 122 131 139 026 024 046 1.89 187 216 042 042 0.73
35 1.61 160 184 036 034 059 281 277 324 068 0.65 1.05
55 147 148 171 032 030 048 373 371 442 092 0.88 1.30
Panel D (€,d)
25 1.39 148 157 042 041 0.64 206 2.03 233 060 059 0.89
35 1.78 176 2.02 052 051 0.76 297 294 341 084 0.82 122
55 1.64 167 188 049 047 0.66 390 388 459 1.09 105 1.46

Note: The table reports the intercept and slope parameters of expected output in (ZI) used to generate the simulated data (columns “True”), those
estimated using our approach (columns “Our”), and those estimated by OLS (columns “OLS”) for each worker-efficiency type and firm type and for
workers with high and low education at ages 25, 35, and 55 averaged across jobs.

efficiency types, firms, jobs, education groups, and ages. Again, the selection-corrected average

implied by our estimates is much closer to the true average than that implied by the OLS estimates.

Table 3: Statistics on Compensating Differential

Variable Mean Std. Deviation Skewness
True U()/wn,¢ -0.18 0.60 517
Our  U(:)/@n; -0.16 0.74 -5.34
OLS U()/@,, -0.04 0.12 2.10

Note: The table reports cross-sectional moments of the average compensating-differential-to-wage ratio computed on the simulated data (“True”)
as well as the corresponding moments estimated by our approach (“Our”) and by OLS (“OLS”). These moments are obtained by averaging across
worker-efficiency types, firm types, jobs, education groups, ages, and time periods.

Monte-Carlo Exercises. We provide further evidence on the performance of our estimator based on a
Monte Carlo exercise where we estimate the parameters of the wage equation in on 200 random
samples of one-million individuals each (JA/|=1, 000, 000), generated as our simulated data. Results
are displayed in Table [5]in Appendix [A] which reports the mean, median, and standard deviation of
the empirical distribution of the estimates across samples. We note that this empirical distribution
is closely centered on the true values of the wage parameters and displays little dispersion around
them, suggesting that our estimator is well-behaved in finite samples. In each sample, the estimated

parametric wage equation well approximates the true one implied by our model.

Labor Market Sorting Based on AKM. As discussed in Section[2.2] statistical measures of sorting
such as those proposed by |Abowd et al.| (1999) may be affected by econometric bias when applied
to our class of models, as they ignore the compensating differential in wages (Remark [2)). We now
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consider an exercise that illustrates such a bias. We proceed by first generating multiple datasets
from economies that are parametrized to resemble the U.S. one and differ only in the level of the
compensating differential. We then consider an econometrician who estimates an AKM-type (log)
wage equation on each such dataset, which does not feature any terms that capture the compen-
sating differential, so as to assess the misspecification implied by a wage equation that ignores it.
As the exercise makes clear, we find bias in the resulting AKM estimates, which increases as the
compensating differential embedded in the generated data increases in absolute value.

More precisely, we calculate in our baseline simulated data (i) the average compensating-diffe-
rential-to-wage ratio, which is around -20%; (ii) the estimated correlation between worker and firm

fixed effects, paxn == corr(e,, n (D,,+)) obtained from the AKM-type (log) wage equation
wn,t = €p + ¢(Dn,t) + BT(Hn,la ];51—1’ Pn,t) + E‘:n,ta (22)

on the simulated data; and (iii) the true correlation between workers’ efficiency types and firm types,
p=corr(e,, Dn’t)ﬂ We then calculate these three objects on additional data constructed as follows.
We re-fit the model’s primitives to the targeted moments on the left side of Table[I] with the additional
constraint of a progressively lower average compensating-differential-to-wage ratio. That is, instead
of freely choosing all wage parameters—including those governing the compensating differential—
by only targeting the moments on the left side of Table |l| as we did in the baseline, we restrict the
moment-matching procedure to choose values for the wage parameters that also deliver a specific
level of the average compensating-differential-to-wage ratio. Given the values of the wage param-
eters resulting from this constrained-fit exercise, we then compute the new equilibrium matching
patterns and wages. We next use these constrained-fit data to calculate p and pagn-

The left panel of Figure [3| reports the average compensating differential (in level) over the life
cycle in our baseline simulated data (red line) and constrained-fit data (grey lines), with dashed blue
and black lines denoting the cases in which we fit the most negative (“Lowest”) and the least nega-
tive (“Highest”) average compensating-differential-to-wage ratios, respectively@ These profiles are
U-shaped in all cases. Intuitively, early in the life cycle, greater experience improves expected output
and matching. This is because, as it turns out, experience increases both the intercept and the slope

of expected output in (21)). As discussed after equation (21]), a higher slope amounts to a greater dif-

“'When estimating the wage equation in (22), we allow each worker to have a distinct type, as is standard in AKM
regressions. Moreover, we do not correct the AKM estimates for potential low-mobility bias, since our simulated data
include only two firms. In all simulations, we consider two firms with distinct technologies (types) so firm identities and
firm types coincide. Recall that the correlation coefficient is scale invariant so it is appropriate to compare paxnt and p.

“2We obtain analogous results but of opposite sign when the average compensating differential is instead positive.
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Figure 3: Wages and Sorting
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with dots; the red dot corresponds to the baseline simulated data). The right panel (right-side y-axis) also reports the supermodular index Sx evaluated
at the average x in both the baseline and the constrained-fit data (solid green line with dots; the red dot corresponds to the baseline simulated data).

ference in the expected output of a high-ability relative to a low-ability worker and so implies larger
gains from sorting based on 6,,. Hence, experience increases the gains from sorting based on true
productivity, (H, 1, I} e, 0,). Also, early on, uncertainty about ability is relatively high so infor-
mation about it acquired through employment greatly reduces it, which improves matching by basing
it more and more closely on true productivity. As a result, the human capital and information value
of current employment in terms of higher future wages makes the compensating differential initially
more negative. Later on, human capital grows more slowly, beliefs about ability become more pre-
cise, and the horizon over which greater human capital and information about ability improve output
and matching is shorter, thus reducing the worth of additional human capital and information. The
compensating differential then becomes smaller and smaller in absolute value.

In the right panel of Figure 3| focusing on the left-side y-axis, the red bar reports paxy in the
baseline simulated data, the blue bars report paxn in the constrained-fit data, and the solid black
line with dots reports p in both the baseline simulated data (red dot)—the data that best resemble
U.S. data—and constrained-fit data (black dots). The figure shows that as the compensating differen-
tial becomes more negative, paky decreases and the gap between p and paxy—which is primarily
driven by the bias due to ignoring the compensating differential—increases. That is, if the econo-
metrician estimates an AKM-type wage equation as in (22) that features a progressively smaller
compensating differential, then the estimator of the correlation between worker-efficiency types and
firm types is increasingly biased, as the magnitude of the omitted compensating differential (in ab-
solute value) increases. This pattern suggests that AKM estimates of worker-firm complementarity

may severely understate the degree of sorting in a labor market in which wages feature a large nega-
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tive compensating differential, as is likely early in workers’ careers when workers place a high value
on acquiring new human capital and information about ability. These results then help to reconcile
the recurrent empirical finding that AKM-measured sorting is often low, even in labor markets that
exhibit substantial wage dispersion, because AKM indirect wage measures omit a key component of
wages—the compensating differential—thereby inducing a bias that compresses the estimated cor-
relation between worker and firm types. As we argue next, a more appropriate statistic for sorting in

this case is one based on direct output measures of worker-firm complementarity.

Labor Market Sorting Based on Output Complementarities. In Section we argue that be-
sides any potential econometric bias, AKM-type sorting measures—and thus p and paxy above—
may be conceptually ill-suited to the class of models we consider (Remark|[I)). As an alternative, we
consider a classic sorting measure based on the supermodularity of output in workers’ and firms’
latent characteristics, a notion widely used in the transferable-utility matching literature to capture
complementarities between matched agents’ attributes (Graham, [2011).

To elaborate, in our simulated economy, worker-efficiency types and firms are ordered from low
to high by their contribution to expected output—we relabel firms in D as d and CZ Fix now the
remaining components of the state s,, ;, namely (H,, 1, [ ffl, P, ), and a worker’s job .J, ; at reference
values collected in a vector x. Denote by y(d, e) the expected (log) output (net of productivity
shocks) in (2T)) when a worker has efficiency type e € {€, ¢} and is employed by firm d € {d, d},
holding x fixed. If the incremental value of a higher worker-efficiency type is larger at a higher
firm type in that y,(d,€) — yx(d,e) > yx(d,€) — yx(d, e), then expected output is supermodular
in d and e—that is, worker-efficiency types and firm types are complementary inputs to producing
(expected) match output. Define the index Sy of the supermodularity of expected output as Sy =
yx(d, €) + yx(d,€) — yx(d,€) — yx(d,e). So, there exist gains from positive sorting in the labor
market if Sx > 0, such gains are stronger the larger Sy is, and they increase over the life cycle if S
increases with labor market experience We report the index Sy, evaluated at the average value of
x across workers and time periods, in the right panel of Figure [3| on the right-side y-axis, shown as
the solid green line across the different constructed datasets. The red dot represents its value in the
baseline simulated data, and the green dots in the constrained-fit data, obtained as discussed.

Note that the index is always positive and large, suggesting substantial output gains to posi-

“3Since e,, represents worker efficiency, higher e,, naturally corresponds to higher expected output. Likewise, ordering
firms by their productivity implies that higher d corresponds to higher expected output. For the reasons discussed in
Section@ no analogous monotonicity holds for the compensating differential.

“This notion immediately generalizes to any square array with |D| = |€|. It also extends to multi-dimensional
attributes, rectangular arrays with |D| # |£|, and, under standard regularity conditions, continuous type spaces.
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Figure 4: Supermodular Index of Sorting and Expected Output
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Note: The leftmost panel shows how Sx, evaluated at the average x and calculated on our baseline SiLnulated data, varies over the life cycle. The
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(center-right panel) vary over the life cycle. The rightmost panel shows how Sx varies with beliefs at age 25, 35, and 55.

tive sorting in the labor market. To understand why Sx monotonically decreases as the average
compensating-differential-to-wage ratio gets closer and closer to zero, recall that in calculating this
index, we use the parameters of expected output that generate the baseline simulated data (red dot)
and those inferred through the constrained-fit procedure described (green dots). As this panel illus-
trates, intuitively, as the level of the average compensating-differential-to-wage ratio imposed in the
constrained-fit procedure gets closer to zero—and so smaller and smaller in absolute value than the
level implied by the baselined simulated data—the expected output implied by the constrained-fit
procedure must increase, for a given variance of productivity shocks, to keep wage levels in line
with the targeted moments on the left side of Table [I] But if so, then the expected output implied by
the constrained-fit procedure must absorb part of the nonmonotone dependence of wages on worker-
efficiency types and firm types that the pre-specified average compensating-differential-to-wage ratio
is not free to capture. (Recall that the deterministic component of wages is the sum of expected out-
put at the second-best firm and the compensating differential, the former of which is monotone with
worker and firm types unlike the latter; see footnote @ As a result, the supermodular index cal-
culated on the expected output obtained through the constrained-fit procedure implies progressively
weaker complementarity between workers and firms.

The left panel of Figure ] further shows how Sy in our baseline simulated data varies over the
life cycle, that is, over [fl_l, with x given by the average value of (H,, 1, P+, J, ) across workers.
The right panel instead shows how Sy varies with the belief P, ; that a worker is of high ability,
with x given by the average value of (H,, 1, .J,,;) across workers and time periods and I’ fixed at
25 (black line), 35 (blue line), and 55 (red line). The left panel shows that the output gains from

positive sorting (Sx > 0) increase over the life cycle, as workers accumulate labor market experience.
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In particular, acquired human capital not only improves expected output—both the intercept and the
slope of expected output in (21)) increase with experience as illustrated in the two middle panels of the
figure—buy also strengthens the complementarity in production between workers and firms. Since
the returns to acquiring new human capital decrease with experience, they lead to an overall concave
profile for Sy (left panel)—see also the two middle panels showing that the intercept and the slope of
expected output increase at a decreasing rate. Then, early in a career, additional experience generates
large increases in expected output and magnifies the benefit of assigning workers to the firms that
best fit their productive characteristics. Later on, as the growth in expected output decelerates, the
gains from improved matching also rise at a decreasing rate, and so does Sx.

Note that this finding that experience raises the intercept and the slope of expected output im-
plies that both the expected output of a low-ability worker—the intercept term—and the difference
in expected output between a high- and a low-ability worker—the slope term—increase with ex-
perience. Hence, both high- and low-ability workers become more productive over time, but high-
ability workers more so. As the middle panels of figure {] show, the slope term increases more for a
high-efficiency-type (resp., low-efficiency-type) worker than for a low-efficiency-type (resp., high-
efficiency-type) worker in a high-type (resp. low-type) firm. So, in a high-type firm, the difference
in expected output between a high- and a low-ability worker increases with experience more for an
e-type than an e-type worker. That is, the complementarity in production between workers with high
efficiency @ and high ability 0 and firms of type d intensifies over time. By contrast, in a low-type
firm, the difference in expected output between a high- and a low-ability worker increases with expe-
rience more for an e-type than an e-type worker. That is, the complementarity in production between
workers with low efficiency e and high ability § and firms of type d intensifies over time.

The right panel of Figure [ illustrates that the gains from sorting also increase (approximately
linearly) with the belief P, that a worker is of high ability, 6, = 0. Intuitively, as P, increases,
uncertainty about a worker’s true ability being high declines. Expected output increases, since a high-
ability worker is more likely to produce high output, and sorting strengthens, as matching becomes
increasingly based on true productivity due to the lower uncertainty about #,, = 6. As the panel
shows, Sy increases with beliefs more steeply for older workers, that is, the increase in productivity
and in the degree of sorting are more pronounced for workers with greater experience. In this sense,
human capital and information have complementary effects on worker productivity and labor market
sorting. Indeed, for a given value of P, ;, sorting becomes more marked with experience—namely,

human capital raises the output complementarity between workers and firms—consistent with the
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three stacked curves for Sy in the right panel for ages 25 (lowest), 35, and 55 (highest).

To evaluate the magnitude of the sorting measured by S and its contribution to wage inequality,
we compare the value of Sy in the baseline simulated data with its value in counterfactually simulated
data under the assumption that workers randomly match with firms (see Bonhomme et al., 2019 for
a similar exercise). When we do so, we find that the index Sy evaluated at the average value of
x decreases from the benchmark value of 4.5 to 3.7, namely, it is 19% lower. The gap between
the counterfactual and baseline values of Sy increases with workers’ experience: at age 30, the
index is 15% lower than in the baseline, and by age 60, it is 27% lower. This random-matching
assignment substantially lowers not only labor market sorting but also wage inequality. The wage
share of workers at the top 10% of the wage distribution decreases from about 26% in the baseline
to a little less than 24%, whereas the wage share of workers at the top 1% of the wage distribution
decreases from about 4% in the baseline to 3.5%. The variance of (log) wages decreases by 45%.
Hence, the contribution of labor market sorting to wage inequality is more than twice as large as the

contribution predicted by the AKM wage statistic once appropriately measured (45% vs. 15%).

Labor Market Sorting without Uncertainty. So far, we have proposed measuring the gains from
sorting in our framework through the index Sy, which primarily captures complementarities between
worker-efficiency types e,, and firm types d. In our setting, ability 6,, is another worker productiv-
ity attribute unobserved by the econometrician that is relevant for sorting, since it determines the
distribution of output in any period and eventually governs the matching of workers to firms, as un-
certainty about ability is progressively resolved. Unlike e,,, though, 0, is initially unknown to both
workers and firms and is only gradually learned over time. As a result, workers and firms cannot
sort directly on #,,. This informational friction hampers matching on true productivity: workers are
unable to immediately match with the firms at which they are most productive given their ability 6,,.

To measure the importance of this effect, we now turn to examining how sorting would change if
uncertainty about #,, were decreased—that is, a scenario in which workers and firms are more certain
about 6, so are closer to being able to sort on both e,, and 6,,. To this purpose, we simulate a version of
our model in which uncertainty about ability is reduced. Specifically, we endow high-ability workers
(6,, = 0) with an initial belief P, ; of 0.99 that their ability is high and low-ability workers (6,, = )
with an initial belief P, ; of 0.01 that their ability is high—in the baseline, P, ; for each worker n is
randomly drawn from a uniform distribution over [0, 1]. Once we calculate Sy at the average value
of x using the resulting simulated data, we find that S increases to the value of 6 from the value

of 4.5 in the baseline. Uncertainty about 6,, compresses not only labor market sorting but also wage
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inequality. The wage share of workers at the top 10% of the wage distribution increases from about
26% in the baseline to over 28% in this counterfactual scenario—the wage share of workers at the
top 1% of the wage distribution slightly increases from about 4% in the baseline to a little over 4%.

Accordingly, the variance of wages is 23% higher, that is, much larger than in the baseline.

Firm Monopsony Power. As discussed in Section the compensating differential in wages not
only blurs traditional AKM-type measures of sorting, but also calls into question the usual interpre-
tation of wage markdowns as evidence of firm monopsony power (Remark [3). To elaborate, a low
wage markdown—namely, a low wage-to-output ratio—is often interpreted as evidence of a sub-
stantial degree of monopsony power. In our framework, however, workers dynamically acquire new
skills and learn about their abilities when employed. Whenever firms differ in the human capital and
information prospects they offer, this process of human capital and information acquisition generates
a natural force that depresses current wages—namely, an option value in terms of future high wages
that is priced into current wages through the compensating differential, lowering them.

Since the wage markdown changes with experience as the compensating differential itself varies,
a more appropriate measure of firm monopsony power is an intertemporal one that takes into account
the entire time path along which the returns to the investments in human capital and information
materialize. To shed light on these features, we perform the following exercise. We first estimate our
wage equation in (20) on the baseline simulated data and calculate the resulting estimated average
wage markdown—given the good performance of our estimator, it is close to the true average wage
markdown. We then re-estimate (20) on the same baseline simulated data, but impose an additional
constraint that enforces a progressively lower or higher average compensating-differential-to-wage
ratio. That is, rather than freely estimating all wage parameters, we restrict the estimation procedure
to select values for the wage parameters that deliver a given target level of the average compensating-
differential-to-wage ratio.The idea is to estimate a progressively more “misspecified” wage equation
in which the compensating differential is counterfactually reduced or increased, mirroring what an
econometrician would obtain from a model that abstracts from, or magnifies, the human capital and
informational option value of employment at different firms.

The left panel of Figure [S|reports the estimated average wage markdown over the life cycle under
the unconstrained estimation procedure (red line) and under the constrained, misspecified one (grey
lines). The dashed blue and black lines correspond to the cases in which we impose the most negative
(““-50”) and the most positive (“50”") average compensating-differential-to-wage ratios, respectively.

As the panel shows, even for relatively low levels of the average wage markdown—as in the data
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Figure 5: Wages and Monopsony Power
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Note: The left panel shows the estimated average wage markdown over the life cycle under the unconstrained estimation procedure (red line) and
the constrained, misspecified procedure (grey lines). The dashed blue and black lines correspond to the cases in which we impose the most negative
(“-507, blue) and the most positive (“50”, black) average compensating-differential-to-wage ratios. The right panel shows the estimated average wage
markdown under the unconstrained estimation procedure (red bar) and under the constrained, misspecified procedure (blue bars).

(red line)—the markdown increases sharply over the life cycle. Indeed, early on, firms discount
in current wages the value of the higher future wages that workers will receive as compensation
for the skills and information they acquire while employed at them—firms anticipate that future
competition for workers’ improved labor services will bid up wages and reward workers for their
current investments. As the end of the life cycle nears, investments in human capital or information
become less valuable, workers engage less in these activities, and so firms front-load the values they
offer to workers. Across the levels of the targeted compensating differential, the implied increase in
the share of output that workers appropriate as wages are on the order of 20 to 25 percentage points.

In the right panel of Figure[3] the red bar reports the estimated average wage markdown (averaged
across ages) under the unconstrained estimation procedure, whereas the blue bars report the corre-
sponding estimates under the constrained, misspecified procedure. The panel shows that an econo-
metrician estimating a wage equation that imposes progressively lower values of the compensating
differential (in absolute value) on our baseline simulated data would incorrectly interpret the same
labor market as exhibiting progressively lower degrees of firm competition. Intuitively, the lower
the compensating differential, the lower the wage and the wage markdown, and so the higher the
inferred degree of firm monopsony power. Likewise, an econometrician estimating a wage equation
that imposes progressively higher values of the compensating differential would incorrectly inter-
pret the same labor market as exhibiting progressively higher degrees of firm competition. Hence,

ignoring the wage markdown can grossly misstate the true degree of competition among firms.
5.2 Empirical Application

We now turn to estimate our wage equation in (10) using U.S. Census employer-employee match

panel data (LEHD). This rich dataset provides information on quarterly labor earnings for all em-
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ployed workers across 21 U.S. states from the mid-1990s to 2022, covering about 95% of private-
sector jobs and most state/local employment. In these data, we observe each worker’s employing
firm, or firms if a worker is employed by more than one, labor earnings, gender, education, age, and
occupation. Similarly to our simulation exercise in Section we select for our analysis a sample
of workers who are between 20 and 60 years of age, have at least four quarters of non-missing and
non-zero labor earnings—for our results not to be affected by short employment spells—and have
gender, education, age, and occupation information, as well as firm identifier, non-missing. Since in
every quarter a worker can be employed by multiple firms, we define a worker’s “main” employer
as the firm providing the largest labor earnings in a quarter@ We construct accordingly a measure
of annual labor earnings for each individual. Our empirical results—obtained through the estimation
procedure outlined in the previous section and currently awaiting approval for disclosure from the
Census Bureau—are quantitatively and qualitatively consistent with the results from the simulation
exercises discussed. In particular, they corroborate the importance of accounting for workers’ life-
cycle investments in their productivity and in the process of discovery of their best matches across

firms and jobs for assessing the degree of labor market sorting and firm monopsony power.

6 Conclusion

In this paper, we examine the empirical content of a large class of dynamic matching models of the
labor market with ex-ante heterogeneous firms and workers, human capital acquisition, symmetric
uncertainty and learning about workers’ ability, and firm monopsony power. This class nests and
extends known models that have been widely applied to study worker turnover across firms, occu-
pational choice, wage growth, wage differentials across occupations, firms, and industries, and wage
inequality across workers and over the life cycle. We provide a novel argument to establish that these
models are identified solely from data on job choices and wages under intuitive conditions, which
allow for arbitrary patterns of selection, are easy to verify, impose minimal data requirements, and
yield a simple constructive estimator of the model primitives, as shown in our empirical application.

Through this framework, we revisit an outstanding puzzle about the role of labor market sort-
ing for wage inequality. We demonstrate that ignoring the dynamics of the matching process be-
tween firms and workers induced by worker human capital acquisition and learning about worker
productivity—and how it is priced into wages when firms differ in the human capital and informa-

tion opportunities they offer—can lead to systematically understating the importance of sorting for

4The measure of labor earnings includes gross wages and salaries, bonuses, stock options, tips and other gratuities,
meals and, when part of compensation, lodging and employer contributions to deferred compensation plans.
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wages. By the same logic, firms’ monopsony power in the labor market can be largely overstated.
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Appendix

A Omitted Tables and Figures

Table 4: Parameter Values of Expected Output Equation in Baseline Simulated Data

Low Education High Education
Age Intercept Slope Intercept Slope
True  Our OLS True Our OLS True  Our OLS True Our OLS

Panel A (e, d)

25 .32 141 .51 035 034 0.57 1.99 197 226 053 052 0.82
0.001)  (0.018) 0.001)  (0.025) 0.001)  (0.027) 0.003)  (0.088)

35 1.71  1.70 195 046 044 0.69 291  2.88 334 077 0.76 1.16
(0.000)  (0.011) (0.001)  (0.017) (0.000)  (0.018) (0.010)  (0.063)

55 1.57  1.60 1.82 042 040 0.59 3.83 3.8l 452 1.02 098 1.40
(0.000)  (0.012) (0.001)  (0.020) (0.001)  (0.020) (0.019)  (0.074)

Panel B (e, d)

25 1.26  1.35 144 028 0.27 0.50 1.92 190 2.19 046 045 0.76
(0.000)  (0.004) (0.001)  (0.015) (0.000)  (0.017) (0.001)  (0.022)

35 1.64 1.63 1.89 039 037 0.62 2.84 281 327 071 0.69 1.09
(0.000)  (0.006) 0.001)  (0.006) (0.000)  (0.003) 0.002)  (0.011)

55 .51  1.53 1.75 035 033 0.52 376 3.5 446 095 092 1.33
(0.000)  (0.009) (0.001)  (0.007) (0.000)  (0.019) (0.005)  (0.072)

Panel C (e, d)

25 .22 131 1.39 026 0.24 0.46 1.89 1.87 2.16 042 042 0.73
(0.002)  (0.010) (0.014)  (0.038) (0.003)  (0.013) (0.114)  (0.169)

35 1.61 1.60 1.84 036 034 0.59 2.81 277 324 068 0.65 1.05
(0.003)  (0.006) (0.011)  (0.027) (0.003)  (0.008) (0.072)  (0.121)

55 1.47 148 1.71 032 0.30 0.48 373 371 442 092 0.88 1.30
(0.004)  (0.006) (0.020)  (0.035) (0.013)  (0.008) (0.283)  (0.153)

Panel D (e,d)

25 1.39 148 1.57 042 041 0.64 206 2.03 233 060 0.59 0.89
(0.099)  (0.425) (0.054)  (0.365) (0.255)  (0.603) (0.319)  (0.901)

35 1.78 1.76 202 052 051 0.76 297 294 341 084 0.82 1.22
(0.137)  (0.314) (0.087)  (0.270) (0.237)  (0.416) (0.340)  (0.633)

55 1.64 1.67 1.88 049 047 0.66 390 3.88 459 1.09 1.05 1.46
(0.213)  (0.393) (0.121)  (0.337) (0.805)  (0.573) (1.127)  (0.865)

Note: The table reports the intercept and slope parameters of expected output in (ZI) used to generate the simulated data (columns “True”), those
estimated using our approach (columns “Our”), and those estimated by OLS (columns “OLS”) for each worker-efficiency type and firm type and for
workers with high and low education at ages 25, 35, and 55 averaged across jobs, together with their standard errors (in parentheses).



Table 5: Parameter Estimates for Expected Output Equation Across Monte Carlo Samples

Low Education High Education

Age Intercept Slope Intercept Slope

Mean  Std. Dev. p50 Mean  Std. Dev.  p50 Mean  Std. Dev. p50 Mean  Std. Dev.  p50
Panel A (e, d)
25 1.32 0.05 132 0.36 0.02 0.36 1.66 0.30 1.69 054 0.04 0.54
35 1.72 0.04 .72 043 0.02 0.43 3.06 0.31 3.08 0.72 0.04 0.72
55 1.60 0.03 1.60  0.41 0.02 0.41 5.07 0.29 5.08 1.03 0.05 1.03
Panel B (e, d)
25 1.25 0.06 126 029 0.02 0.29 1.59 0.32 1.62 047 0.05 0.47
35 1.65 0.05 1.65  0.36 0.04 0.36 2.99 0.32 3.02  0.65 0.05 0.65
55 1.53 0.05 1.53 0.34 0.02 0.34 5.00 0.31 5.01 0.97 0.06 0.97
Panel C (e, d)
25 1.25 0.05 1.25  0.29 0.04 0.30 1.59 0.32 1.61 0.47 0.05 0.47
35 1.65 0.07 1.65 0.36 0.02 0.36 2.99 0.31 3.02  0.65 0.05 0.65
55 1.53 0.05 1.53  0.34 0.02 0.35 4.99 0.30 5.01 0.96 0.06 0.96
Panel D (€, d)
25 1.39 0.06 1.39 043 0.07 0.43 1.74 0.34 1.77  0.61 0.07 0.61
35 1.78 0.09 1.78  0.49 0.03 0.49 3.12 0.31 315 079 0.05 0.79
55 1.66 0.07 1.67 048 0.02 0.48 5.12 0.30 5.14 1.10 0.07 1.10

Note: The table reports features of the distribution of the estimated expected-output parameters in across 200 replication samples, specifically, the
mean (columns “Mean”), standard deviation (columns “Std. Dev.”), and median (columns “p50”), for each firm and worker-efficiency type, workers
with high and low education, at ages 25, 35, and 55, averaged across jobs.

B Formal Identification Argument

This section formalizes the identification approach previewed in Section (3| for our general class
of models. Appendices [B.1] [B.2] and [B.3| develop the mixture step of Section [3.3|to identify the
learning process, the law of motion for the state, and the CCPs. Appendices [B.4] [B.3] and [B.6|
develop the extremal quantile step of Section [3.4]to identify the deterministic component of potential

wages, the shock distribution, the expected output, the compensating differential, and the human
capital function. Assumptions and [3|are assumed to hold throughout. In particular, we present
results and proofs for the less trivial case covered by Assumption [3] namely when worker n’s labor
market D(X,,;) C D contains more than two firms and there exists a known mapping m; such
that Djl’t = my(Dnyt, Snt). To keep notation simple, we assume without loss of generality that
D(X,:) =D.

B.1 Wage Mixture

Using the law of total probability, we can represent the wage distribution at time ¢, conditional
on worker n’s observed initial human capital /,, ;, job history Df;tl, and current employing firm
D, ;, as a mixture over latent classes indexed by the efficiency type e,, and by the history of noisy

performance signals 7/,~!. Namely,

Pr(wn,t <w | Hn,la Df—b) = Z Pr(wn,t <w | Hn,la Dfp €n =6, 77;:1_1 = nt_l)
(et~ L)eExNt—1

x Pr(e, =e, 0t =n"" | H,1, D}). (23)

In what follows, we show identification of the mixture components and weights.
We identify the mixture components and weights in (23) under the condition that the wage dis-

tribution admits a clusterable finite mixture representation; that is, it can be written as a finite mix-



ture whose components are sufficiently distinct—and hence clusterable, in the sense formalised by
Aragam et al. (2020, Condition (19))—to be identifiable. A canonical and widely studied example
is a finite mixture of possibly uncountable Gaussian mixtures whose means and variances are suffi-
ciently separated across components, as shown by Bruni and Koch (1985] p.1354) and |Aragam et al.
(2020, p.31). Below, to keep the exposition streamlined and to avoid unnecessary technicalities, we
present the identification argument in this canonical setting. We emphasise, however, that the un-
derlying logic is more general and extends beyond finite mixtures of possibly uncountable Gaussian

mixtures.

Assumption 4 (Finite mixture of possibly uncountable Gaussian mixtures). Foreacht € {1,...,T}
and (h,d") € H x D', assume:

(i) (Mixture of Normals.) For each (e,n'"') € £ x N*! and conditional on (H,,; = h, D! =
d', e, = e, n;"t =n'""), the productivity shock of the time-t second-best firm D;, , = d' € D,
€nt(d'), is distributed as a mixture of a (possibly uncountable) family of Gaussian distributions.
Formally, let f., ,)(- | Hyp = h, Dl = d', e, = e,nly " = n'~1) denote the density of ¢, +(d')

conditional on (H,,; = h, D!, = d',e, = e,n'"t = n'1). Then, for eachr € R,

forstary(T|Huy=h, Dizdt,enze,ni_lznt_l)z/( : o(r; p, 0)dm(p, 0% hyd' e, n' ™),
1,0

egh,dt,e,nt_l

where ¢(-; i, 02) is the Gaussian density with mean y and variance o?; Ohateqni—1 C R X
(0, 00) is the (possibly unknown) support of the Gaussian parameters (ji, 0?) conditional on
(Hp1 = h, Dl =d' e, = et =n'~1); and 7 (-; h,d', e,n'") is a probability measure on
Gh.dt en—1, representing the distribution of (p,0?) conditional on (H,,; = h,D!, = d', e, =

e,y =10
(ii) (Supports.) The supports € of e,, and N of 0+ are finite sets with known cardinality.

(iti) (Compacmess.) For each (e,n'™") € & x N'71, the set Gy, gt -1 is a compact subset of
R x (0, 00).

(iv) (Non-Overlap.) There exists a Borel subset Gy, gt ¢ -1 € Gp gt e -1 C R % (0, 00) such that
T(Ghatemi-1;h,d' e,n'™) = 1 for each (e,n'™") € € x N'™L. Moreover, Gy gt ¢ pp—1 N
Gh,dt,é,dt_l = (Z)fOl" each (67 Ut_l) 7£ (é7 ﬁt_1> with (6777t_1)7 (év ﬁt_l) €E XN

Assumption [4i) imposes that, conditional on (H,; = h, D! = d', e, = e, ni! = n'!),
the productivity shock of the second-best firm d’ at time t, €, .(d’), is distributed as a mixture of a
possibly uncountable family of Gaussian distributions. Combined with Assumptions [3]and j(ii), this
implies that the the distribution of w;, ; conditional on (H,,; = h, D! = d') is a finite mixture whose

components are possibly uncountable Gaussian mixturesff]

46We remark that the wage mixture in (23)) is not assumed to be a finite mixture of Gaussians, but a finite mixture of
possibly uncountable Gaussian mixtures, which is a much more general specification.



To see why, recall: (a) Our wage equation in (I0) is a function of D, s, D;, ;, Snt, and €, (D, ;).
Thus, the distribution of wy,; | (D, Dy, 4, $n,) is the distribution of €, ¢(D;, ;) | (Dnst, D}, 45 Snit)
shifted by the unknown potential-wage component (-). (b) Under Assumption 3} D), ; is a known
deterministic function of (D, s, sn+). (c) The state s, evolves deterministically as a function of
(Hn1, D7t e,, 7t (see footnote 22)). Therefore, fixing (H,,1, DY, e, nl') also fixes the value
of s, ;. Moreover, since D,, ; is the ¢-th element of Dt , its value is fixed as well. Taken together, ()
and (c) imply that, conditional on (H,,, = h, D}, = d', e, = e, ;"' = n'~"), D;,, takes a known
value d’ € D. Thus, by (a), each mixture component in (23)) satisfies

Pr(wn; <w|Hpy =h, Dy =d', e, =e, nl" =)
= Pr(en,t(d’) <w-—p(d,d,s)|H,y=h, Dl =d', e, =¢, 0" = 77“1).

That is, each mixture component is governed by the distribution of the productivity shock €, ;(d’)
conditional (H,, = h, D! = d', e, = e, ni7' = n''), shifted by the unknown potential-
wage component ¢(-). By Assumption {(i), this conditional distribution of ¢, ,(d’) is a mixture of
a possibly uncountable family of Gaussian distributions. Since e, and 1! can take only finitely
many values under Assumption ii), it follows that the distribution of w,, ; conditional on (H,,; =
h, D! = d') is a finite mixture whose components are possibly uncountable Gaussian mixtures.

Assumption [4(ii) posits that efficiency e,, and the signal 7, ; have finite supports, £ and N/, with
known cardinalities. Given the finiteness of £, e,, can be viewed as a worker “finite fixed effect,”
following the terminology of Bonhomme et al.| (2019). In the illustrative model in Section [2, we
assumed for simplicity that each signal 7, takes only two values. Assumption [ii) instead allows
for an arbitrary (but finite) cardinality. It is also straightforward to relax this assumption by requiring
the researcher to know only upper bounds on the cardinalities of £ and \V; in that case, the result in
Bruni and Koch| (1985) can be used to recover the cardinalities of £ and A/. Appendix [D] discusses
an extension to the case in which e,, and 7, ; are continuous, multidimensional random vectors. See
also footnote 23| regarding the supports of ¢, and 7, ;.

Assumptions [[(iii) is a regularity condition and requires that all Gaussian means and variances
(u, 0%) that may arise lie in a bounded rectangle, with variances bounded away from 0 and oco.

Assumption [[iv) is a standard separation condition in the identification of mixture models and
requires that the mixing distributions {7 (-; h, d’, e, n"™ ) : (e,n'™') € & x N1} place all their mass
on pairwise disjoint sets G, gt ¢ -1 € Gp gt e t—1 in the (11, 0%)-space. Otherwise, they may not be
distinguished. Importantly, it does not require the densities { f., ,)(r | Hy1 = h, D}, = d',e,, =
et =0t (e,nh) € € x NP1}, and so the wage mixture components, to have disjoint
supports, and allows them to overlap arbitrarily. This corresponds to the clusterability condition of
Aragam et al. (2020, Condition (19)) for the case of finite mixtures of possibly uncountable Gaussian
mixtures.

Proposition formalizes the identification result under Assumption

Proposition B.1 (Wage Mixture). Let Assumption 4| holds. Then, for each t € {1,...,T} and
(h,d') € H x D'



(i) The probability Pr(e, = e, nit =n'~* | H,, = h, D! = d') is identified for each (e,n'"") €
E XN

(ii) The probability Pr(w,; < w | H,1 = h, D, =d', e, = e, g7t = n'~") is identified for each
(e, e Ex N andw € R.

The proof of Proposition [B.T]is omitted because it follows directly from a straightforward ap-
plication of Bruni and Koch (1985)). Specifically, the wage mixture corresponds to the mixture
model discussed in Section 4.c of Bruni and Koch| (1985) and is shown to be identified under As-
sumption As is well known and as mentioned in Section[3.3] the wage mixture (23) is identified
only up to labeling of its components and weights. As we proceed, we clarify when fixing a labeling
is necessary and how we do so.

Lastly, as an immediate implication of Proposition [B.I] we identify the joint distribution of his-
tories of signals by combining the wage mixture weights across periods. We report below the iden-
tification of two specifications of signal histories that will be useful for the arguments that follow.

Corollary B.1 (Signal Distribution). (a) Assume that the wage mixture weights in (23)) are identified
and labeled at times t and t + 1, with t € {1,...,T — 1}. (See Proposition |B.1| for sufficient

conditions.) Then, the conditional signal distribution
Pr(nfl =n'| Hyy=h, D!, =d", e, = e),

is identified for each (', h,d';e) € N* x H x D' x &.
(b) Assume that the wage mixture weights in (23)) are identified and labeled at times t + 2 and t + 3,
witht € {1,...,T — 3}. (See Proposition for sufficient conditions.) Then, the conditional

distribution of three consecutive signals at firm d,
PY("?n,t = Mty Nnt+1 = Nt 1 Tnt+2 = 77t+2’Hn,1 =h,Dny=d,Dpy1 =d,Dpyo=d, e, = 6),
is identified for each (0, N1, Mo, h,d,e) EN3 x H x D x E.

B.2 Learning Process

In this section, we use the wage mixture weights in (23)), identified by Proposition[B.1] to identify the
learning process about a worker’s ability 6,,, which is characterized by the prior belief (P, ;,1— P, 1)
about 6,, being high (@) or low (0) and by the distribution of signals conditional on 6,,—that is,
the probabilities «(H,, 1, Dy, e,,) and B(H,, 1, Dy, €,,) defined in Section 2| To this end, we first
introduce an assumption that disciplines the distribution of signals conditional on 6,,.

Assumption 5 (Signal Distribution Conditional on Ability). (i) N = {7, n} and © = {6,6}.

4TIf Assumption ii) is relaxed so that the researcher need only know upper bounds on the cardinalities of £ and
N1 (as mentioned above), then Propositionalso identifies the cardinalities of £ and V1.



(ii) Signals are conditionally independent over time: for eacht € {1,...,T —k} and integer k > 0,

t+k
Pr(nts - > Mok | Hoty Do Do €0, 00) = [ [ Pr(Mns | Huts Doy €, 0).

j=t

(iii) The distribution of 0, conditional on (H,, 1, Dy, €,,0,) is time-invariant, with o(h, d,e) =
Pr(nmt =i |Hyy=h, Dpy=d, e, =¢e, 0, = 5) and B(h,d,e) = Pr(nm =17 | Hy1 =
h, D, =d, e, =e, 0, = Q),for each (h,d,e) € H x D x &, and a(h,d,e) > B(h,d, e).

Assumption [5(i) imposes that the signal 7, and the latent ability 6,, have finite supports of
cardinality two@ We already adopted this assumption in Section [2| to simplify the description of
the learning process; see, for instance, equation (3). It is therefore convenient to maintain it when
identifying this learning process. In Appendix [D| we discuss how this assumption can be relaxed to
allow for supports of cardinality greater than two, as well as for continuous and multidimensional 7,, ;
and 0,,. Assumption[5(ii) imposes that signals are conditionally independent over time, as is standard
in learning models. Assumption [5[(iii) requires that the distribution of 7, ; conditional on the chosen
job and 6,, is time-invariant and described by the parameters «(h, d, €) and B(h, d, e). The latter is an
unavoidable requirement for identifying the learning process: if that distribution varied over time, we
could not recover belief dynamics solely from observing workers who remain employed in the same
job for sufficiently many periods. Assumption [3{iii) also imposes a(h,d,e) > (h,d, e), which is a
natural restriction since high-ability types are more likely to generate high signals.

In addition to Assumption [5] the identification of the learning process also builds on Corollary
In particular, it requires the identification of the conditional distribution of three consecutive
signals at firm d to be identified, for which sufficient conditions are provided by Corollary [B.1(b),
and of the conditional distribution of the initial signal at firm d, for which sufficient conditions are
provided by Corollary [B.1(a). These sufficient conditions essentially amount to the identification of

certain wage mixture weights in (see more details at the end of the section).
Proposition B.2 (Learning Process). Suppose that:
(i) Assumption[5|hold.

(ii) For each (h,d,e) € H x D x &£ and for some t € {1,..., T — 3}, the conditional distribution

of three consecutive signals at firm d,

Pr(ﬁn,t = Nty Mnt+1 = Ni+15 Mnt+2 = 77t+2|Hn,1 = h, Dn,t =d, Dn,t—‘rl =d, Dn,t+2 =d, e, = e)a

is identified for each (n;, M1, Niv2) € N3, with t possibly varying across (h,d, e), and the

conditional distribution of the initial signal at firm d,
Pr(nn,l =1 ‘ Hn,l = h, Dn,l =d, e, = 6),

is identified for each n € N. See Corollary[B.1|for sufficient conditions.

“3The mixture identification in Proposition assumes that the signal 7, ; has a finite support with any cardinality.
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Then, a(h,d,e), B(h,d,e), the prior belief Pr(0,, = 0 | H,; = h, e, = ), and the set of realiza-
tions of the posterior beliefs { P, ,}I_, are identified for each (h,d,e) € H x D x €.

The proof of Proposition [B.2] is straightforward. Under Assumption [5| and condition (ii) from
Proposition we can represent the identified signal distribution Pr (nmt =Nty Mg+l = Net1s Mot =
M2 | Hoy = h, Dpy =d, Dyyi1 =d, Dypyio =d, e, = e) as a binomial mixture over 6,, with
two components, characterized by «(h, d, e) and 5(h, d, ), and three trials. The components of this
mixture can be identified using the results in Blischke (1964 |1978) for binomial mixtures (without
any labelling indeterminacy by Assumption [5[iii)). This explains why condition (ii) of Proposi-
tion requires observing workers employed at job d for three consecutive periods: by |Blischke
(1964, 1978)), at least three trials are needed to identify two binomial mixture components. Still using
Assumption [5| and condition (ii) from Proposition we can represent the identified initial signal
distribution Pr(n,; = n | H,1 = h, D,1 = d, e, = e) as a Bernoulli mixture over 6,, with two
components, again characterized by «(h, d, e) and 5(h, d, ), and with mixture weights given by the
prior belief, Pr(¢,, =0 | H,, = h,e, =e)and 1 — Pr(#, =0 | H,, = h,e, = e). Since a(h, d, e)
and 3(h, d, e) are already identified, we can readily identify Pr(0,, = 0 | H,; = h,e, = ¢). In turn,
the set of realizations of the posterior beliefs {Pm}tT:2 is identified, since each P, ; can be computed
recursively as in equation (3) using «(h, d, e), 3(h,d,e), and Pr(6,, = 0 | H,; = h, e, = ¢). The
formal proof of Proposition [B.2]is in Appendix

Note that, to establish Proposition we need a minimum panel length of four periods (1" >
4). This is due to two requirements: (/) By Corollary b), identifying Pf(ﬂn,t, Mntt1s Mnts2 |
Hy1, Dyy = d, Dpyy1 = d, Dpyio = d, en)—as in condition (ii) of Proposition relies on
recovering the mixture weights at times ¢ 4+ 2 and ¢ + 3 for some ¢, which is possible only when at
least four periods are observed. (1I) By Corollary a), identifying Pr(’r]n,l | Hy1y Dy =d, en)—
as in condition (ii) of Proposition |B.2l—relies on recovering the mixture weights at times ¢ = 1 and
t = 2. Therefore, if there is sufficient variation in workers’ job and signal histories, the first four
periods are sufficient to satisfy condition (ii) of Proposition for each firm d.

Finally, as the proof of Corollary a) highlights, identifying Pr(nm, Nnti1s M2 | Hogs Dnt =
d, Dypiy1 = d, Dyyyo = d, en) , relies on combining the recovered mixture weights at times ¢ + 2
and ¢ 4 3 for some ¢. Similarly, identifying Pr(nn,l | Hy1, D1 = d, en) relies on combining the
recovered mixture weights at times ¢ = 1 and ¢ = 2. This necessitates consistent labeling of the
mixture weights across those periods. To do so, we use the variances of the mixture components
to order the weights with respect to e,—as is standard in the literature—and means of the mixture
components to order the weights with respect to i’ . The latter follows from natural monotonicity
conditions characterizing the class of models we study: higher-ability workers are more likely to
generate higher signals, which implies that the expected output component of wages are monotone
in beliefs for any given e,,. See Section [3.3]and footnote 26| for details. Once the learning process is
identified, the remaining primitives—namely the law of motion of the state, the CCPs, the determin-
istic wage component, the shock distribution, the expected output, the compensating differential, and
the human capital function—can be recovered without combining mixture weights and components
across time, and hence without any further labeling step.



B.3 Law of Motion of the State and Conditional Choice Probabilities

In this section, we use the learning process identified by Proposition to recover the law of mo-
tion of the state and the CCPs. As no additional assumptions are required, we state the formal results
directly and provide the proofs in Appendix [E] Before doing so, note that, having identified the learn-
ing process by Proposmon | the map from realizations of (H,, 1, Dnt . €n, Nt 1) to realizations of
St = (Hpa, I Pnt, e,) is identified. Denote this map by g;, that is, (H,, 1,Dm e, i)

Snt = Gt(Hn 1, Dn + 1 Cn; nk- ) Denote by S, the image set of g;, which is also identified. Hereafter,
refer to S, as the support of s,, ;.

Proposition B.3 (Law of Motion of the State). Assume that a(h, d, e), f(h,d, e), and the prior belief
Pr(0, =0 | H,1 = h, e, = €) are identified for each (h,d,e) € H x D x E. See Proposition|[B.2]
for sufficient conditions. Then, the law of motion of the state, Pr(s,; = s | Dyt = d, Spi—1 = 3),
is identified for each s € S;, d € D, § € §;_1, andt € {2,...,T}.

Proposition B.4 (Conditional Choice Probabilities). Assume that, for t € {1,...,T}, the wage
mixture weights in (23) are identified at time t, together with «(h,d,e), B(h,d,e), and the prior
beliefPr(0, =0 | H,1 = h, e, = ¢) for each (h,d,e) € H x D x E. See Propositionsand
for sufficient conditions. Then, the conditional choice probability Pr(D,,; = d|s, = s) is identified
foreachd € Dand s € ;.

B.4 Deterministic Wage Component

In this section, we identify the deterministic potential-wage component ¢(+) := y(-)+¥(-). We begin
by introducing additional notation. Recall that, under Assumptlon' 3} D;, ; is a deterministic function
my of (Dy ¢, sn,¢). Hence, fixing (D, ¢, s,,¢) also pins down the value of D), ;. For any (d,d’) € D2,
define Si(d,d’) C S; as the set of realizations s of s,,; such that m;(d, s) = d’. Because my(-) is
known under Assumption [3|and S is identified, the set S(d, ') is identified for each (d, d') € D>
We then establish identification of the distribution of wages w,, ; conditional on (D, , S, ;), which

will be a key ingredient for recovering o(+).

Proposition B.5 (Conditional Wage Distribution). Assume that, fort € {1,...,T}, the wage mix-
ture weights in (23) are identified at time t, together with a(h,d, e), 5(h,d,e), and the prior belief
Pr(0, =0 | H,, = h, e, = e) for each (h,d,e) € H x D x £. See Proposztzons-and -for
sufficient conditions. Then, the conditional wage distribution Pr(wm <w | Dpy=d, spt = 3) is
identified for each w € R, d € D, and s € S;.

We next introduce additional assumptions.
Assumption 6 (Supports). Lett € {1,...,T}, (d,d") € D% and s € S;(d,d'). Then, wi(d,s) =
inf{w : Pr(wp(d,d") <w | sp; =5) >0} = —oc0and w™(d, s) = inf{w : Pr(w,; <w | D,; =
d,snt =s) > 0} = —o0, where w,(d,d") = p(d,d, s.t) + €n(d’) denotes worker n’s potential

wage in period t when the first- and second-best firms are d and d', respectively.



Assumption 7 (Tail Limit). Letr t € {1,...,T}, (d,d") € D? and s € S;(d,d’). There exists an
(unknown) constant q;(d,d') € (0,1] such that lim,,_, Pr(Dnyt =d | spt = s, wye(d,d) <
w) = q(d,d).

Assumption 8 (Tail Regularity). Lett € {1,...,T}, (d,d) € D? and s € S;(d, d'). There exist (un-
known) thresholds a;(d, s) > —oo and a?™(d, s) > —oo such that the cumulative distribution func-
tions Fuy, ,(d4,a)|sn.—s A1d Fy, 1D, ,—=d.s,..—s are continuous and strictly increasing on (—oo, a,(d, s))

and (—o0,a?™(d, s)), respectively.

Assumption 9 (Normalization). Let t € {1,...,T}, (d,d') € D? and s € S;(d,d'). There exists a
knowns € Sy(d,d") such that p(d,d',s) =

Assumption |§] requires that both the distribution of potential wages w;, ;(d, d’)|s,+ = s (unob-
served) and the distribution of observed wages w, ;|(D,,+=d, s,,+ =) have unbounded left support.
This requirement is inessential, however, and it serves only to simplify the argument@

Assumption [7| imposes a common limit ¢,(d,d’) € (0, 1], independent of s € S;(d,d'), on
Pr(Dn; = d | snt = s, wns(d,d’) < w) as the potential wage w,,.(d,d') becomes large. The
assumption has two parts, with the second strengthening the first. First, it requires that the limit
limy—y— oo Pr(Dpt = d | spt = s, wy(d, d') < w) exists and is strictly positive. Second, it requires
that this limit is invariant across s € S;(d,d’). See Appendix in the Online Supplementary
Material for a microfoundation of Assumption [7]and related discussion in Section[3.4]

Assumption [§]is a tail-regularity condition: continuity and strict monotonicity of the left tails of
the relevant wage CDFs ensure a one-to-one mapping between right tail probabilities and quantiles.
This condition is satisfied by many parametric families of distributions, including both thin-tailed
and fat-tailed ones.

Finally, Assumption [Jis a location normalization. As in standard Roy models, wages are identi-
fied only up to an additive constant, here ¢(d, d’, 5). Alternatively, the error term can be normalised
to have zero unconditional mean or median (French and Taber, 2011)).

We now use Assumptions @ to @ to establish the identification of ¢(-).
Proposition B.6 (Deterministic Wage). Lett € {1,...,T}. Assume:

(i) The conditional wage distribution Pr(wn,t < w | Dy,; =d, sp; = s) is identified for each
weR, deD, ands € S;. See Proposition for sufficient conditions. The conditional
choice probability Pr(D,,; = d | s,; = s) is identified for each d € D and s € S;. See
Proposition|B.4|for sufficient conditions.

#Exactly one of the following cases obtains: (a) w;(d,s) = weP(d,s) = —o0; (b) wi(d,s) = w*(d,s) >
(©) wePs(d,s) > wi(d,s) > —oo. We ignore wiPs(d,s) < wi(d,s) as supp(wn¢|Dny = dysns = s) C
supp(wy, ¢(d, d')|sp ¢ = s) implies we®(d, s) > wi(d, s). Case (a) is covered by Assumptlon@ Under (b), Proposi-
tion [B.6) - and its proof go through with minimal edits—replace limits as w — —oo with limits as w — w;(d, s). Under
(c)—where the left endpoint of the distribution of observed wages wy, +|(Dn+ = d,sn; = s) can differ from, and be
finite relative to, the left endpoint of the distribution of potential wages w, ¢(d, d")|s,+ = s so that selection affects the
shape and support of the distribution of wages—the identification result retains the spirit of Proposition [B.6€] but limits
need to be taken appropriately because the two endpoints differ. In Appendix [G.2]of the Online Supplementary Material,
we treat case (c) and further show that, when finite, the endpoints of the potential wage distribution w;, ((d, d’)|sn,t = s
and of the shock €, ;(d) can be nonparametrically identified.
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(ii) Assumptions|6]to[9 hold.
k)

For (d,d") € D? and s € S;(d,d), let {Té?}t}kzl C (0,1) be any sequence with Tévg,t — 1 as
k — oo. Define
0 . o, PrDng=dlsae=3)
Td7s,t . PI‘(Dn’t —d | Snit = §) ( Td,§,t)‘
Then,
; (k) (k) _ '
kh—glo an,t |Dn,t:d73n,t:S(Td,S,t) - an,t |Dn,t:d75n7t:§(7—d,§,t) :| - SO(d’ d ’ S)' (24)

Hence, o(d,d', s) is identified.

We provide a proof sketch of Proposition in Section for the simplified wage equation
(L1), and the formal proof of Proposition B.6|in Appendix [E]

One minor difference between Proposition [B.6and the proof sketch in Section [3.4]is worth high-
lighting. In Assumptions [6H9] we focus on the left extremal tails of the wage distributions, whereas
the proof sketch in Section [3.4] considers the right extremal tails. The argument is symmetric, but
focusing on the left tails ensures that the quantity ¢;(d, d’) remains strictly positive. By contrast, if
we let w — oo (rather than w — —00), then Py(D,,; = d| s,y = s, wyy(d,d’) > w) would tend
to zero because the equilibrium pricing mechanism in our model mirrors a second-price auction.
Namely, in the class of models we study, the equilibrium wage for job d equals the expected output
at the second-best firm d', y(d', s,.+) +€,+(d’), plus a compensating differential ¥(d, d’, s,, ;). Letting
the wage of job d go to infinity while holding s,,; and the wages of all other jobs fixed effectively
corresponds to letting the second-best firm’s productivity shock ¢, ;(d") go to infinity while holding
fixed the productivity shocks of all other firms, including that of the first-best firm d. In this scenario,
firm d would no longer be the worker’s best option, driving ¢;(d, d’) to zero. One could avoid this by
letting the productivity shocks of both the first- and second-best firms jointly go to infinity, but doing
so would substantially complicate the identification argument. Focusing on left tails, combined with
the fact that in our setting labour markets are typically small with two dominant firms, sidesteps this

issue by preserving the equilibrium ranking between the first- and second-best firms.

B.5 Distribution of Productivity Shocks

In Section [3.4] we discuss at length the challenges in identifying the unconditional joint distribution
of the productivity-shock vector €, ¢, as well as the marginal distribution of each component ¢, +(d),
and we motivate our approach. In this section, we formalize the result for our general class of models.

Before doing so, we introduce some notation and an additional assumption.

Assumption 10 (Tail-Ratio Identifiable Distribution). Lett € {1,...,T}. For each d € D, €,+(d)
belongs to a parametric family, indexed by the py X 1 vector of parameters |14, that is tail-ratio
identifiable. Namely, for any p,+1 distinct sufficiently small thresholds ey < e; < --- < e, < 0,
the map

g Fe, . (€1; ta) Fe, v (€py; f1a)
F.. . aleoipa) 7 o, @(eo; )

is injective.
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Proposition B.7 (Identification of the Shock Distribution). Let ¢t € {1,...,T}. Assume:

(i) The conditional wage distribution Pr(wn,t < w | Dniy =d, spt = s) is identified for each
w€E€R,de D, ands € S,. See Proposition|B.3|for sufficient conditions.

(ii) Assumptions |6 to [9] hold, implying that p(d,d', s) is identified for each (d,d') € D? and
s € 8,(d, d") (Proposition|B.6).

(iii) Assumption[I0|holds.

Then, the parameter L, is identified for each d € D. Moreover, if the shocks {€,(d)}acp are
mutually independent across d € D, then the joint distribution of €, is identified as the product of
the identified marginals. Alternatively, if a copula C,, is specified so that

F..(vi,...;0p) = CulFey(vis ), -« Fesqop (s o)) V(014 - vpp)) € RPL

and the copula parameter 1 is known, then the joint distribution of €, is identified from the iden-
tified marginals and C,,.. Without further restrictions on the dependence among {€, +(d)}4ep, the
Jjoint distribution of €, is partially identified by the sharp Fréchet—Héffding bounds in that for all
(v1,...,vp) € RP|

maX{ > Fepyy(va; ta) — (ID] = 1), 0} < Fo (v--covpy) < minFe o) (vas pa).
deD

B.6 Expected Output, Compensating Differential, and Human Capital

In this section, we first show how to identify the expected output (net of productivity shocks) y(+), as
defined in equation (@), using standard arguments for dynamic discrete choice models. Given y(-),
the compensating differential W(-), as defined in Proposition |1, can be obtained by solving for the
model’s equilibrium, and the human capital functions {h4(+)}4ep, as defined in equation (I)), can
then be obtained directly from y(-).

We discuss the identification of y(-) in the simplest case in which the model’s equilibrium is
efficient; see Appendix [F.2| of the Online Supplementary Material for the general inefficient case.
When the equilibrium is efficient, job choices maximize the expected present discounted value of
output, not just the surplus generated by the match between a worker and a firm. Hence, a firm’s
job offer and a worker’s job choice solves a planning problem. In other words, the market-wide
equilibrium allocation of workers to firms reduces to a single-agent dynamic decision problem of
maximizing the expected present discounted value of market-wide output. In this sense, standard
identification arguments for dynamic discrete choice models can be applied to identify y(-) from
observed job choices[]

To elaborate, let S(s,.+, €,.¢) denote the expected present discounted value of the output produced

by worker n or, equivalently, the expected present discounted social welfare at state (s,, ¢, €,+). Then,

0 As known, in the finite-horizon case, identification is up to the match surplus values in the final period.
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S(Sn,t, €nt) 1s the value of the following planning problem

S(snsens) = max {y(d,sn0) + ngld)

dGDt(Sn,7t)

SO st I [ E[S(un i) snnd| 4P,

€n,t+1

By Propositions and the law of motion of s, as well as the CCPs, are identified. The
joint distribution F, , of the shock vector ¢, ; is identified by Proposition The exogenous sep-
aration rate ¢(H, 1, I, d) is nonparametrically identified by the fraction of employed workers at

n,t

firm d with given (H, 1, I}~') who exit the labor market considered at the end of the period. There-
fore, y (d, sn,t) is identified following Magnac and Thesmar| (2002) under standard normalizations in
dynamic discrete choice models. We now state the formal normalization conditions and the identifi-

cation result.
Assumption 11 (Normalization). Lett € {1,...,T}, d € D, and s € S;. There exists a known
d € D such that y(d, s) = 0.

Assumption |1 1| normalizes y(-) to zero at one firm for each state. As mentioned, this normaliza-
tion is common and needed in dynamic discrete choice models, which are otherwise not identified;
relaxing this assumption leads to a partially identified framework, as discussed, for example, by
Kalouptsidi et al.[| (2021) and [Kalouptsidi et al.| (2024)). Relative to the normalizations of certain
values of the sum of expected output and the compensating differential imposed in Assumption [9]
which we maintain for the identification of the deterministic wage component, Assumption [T 1] sim-
ply additionally normalizes certain values of expected output.

Proposition B.8 (Expected Output). Lett € {1,...,T}. Suppose that:
(i) The law of motion of the state, Pr(s,, ¢|Dy, 11, Sn1—1), and the CCPs, Pr(D,, ¢|s, ), are identi-
fied. See Propositions [B.3|and[B.4|for sufficient conditions.

(ii) The joint distribution I, , of the shock vector €, is identified. See PropositionB.7|for sufficient

conditions.
(iii) The discount factor J is known.

(iv) The separation rates {c(Hy1, I, =1 d) }aep are identified (immediate consequence of Assump-
tion[2).
(v) Assumption[I1|holds.
Then, the expected output y(d, s) is identified for each d € D and s € S;.
With y(-) known, the compensating differential W(-) can be obtained by solving for the model’s

equilibrium and computing the workers’ continuation match surplus values.

Proposition B.9 (Compensating Differential). Lert € {1,...,T}. Assume that the expected output
y(d, s) is identified for each d € D and s € S;. See Proposition @] for sufficient conditions. Then,
the compensating differential V(d,d', s) is identified for each (d,d’) € D? and s € S;(d, d').
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Analogously, the human capital functions {h4(+)}4ep can be obtained from y(-).
Proposition B.10. Lert € {1,...,T — 1}. Assume that:

(i) a(h,d,e), B(h,d,e), and the prior belief Pr(0, = 0 | H,1 = h, e, = e) are identified for
each (h,d,e) € H x D x E. See Proposition for sufficient conditions.

(ii) The expected output y(d, s) is identified for each d € D and s € S;. See Proposition for

sufficient conditions.

(iii) N == {n,n}. Let Z,; = (Hn1, I e,) so that s,y = (Zpy, Poy). Let StZ"’t denote the
projection of S; on Z,,. For each z € StZ"’t, there exists (z,p1) and (z,p2) in S, with
p1 # pe.

Then, the human capital function hy(z,n) is identified for each d € D, z € StZ * andn € N.

The proofs of Propositions and are omitted because they follow directly from a straight-
forward application of Proposition 2 and Corollary 3 inMagnac and Thesmar| (2002). The proof of
Proposition [B.10]is provided in Appendix

C Bias in AKM Estimators of Worker and Firm Fixed Effects

In this section, we provide analytical expressions for the bias in the AKM estimators of worker
and firm effects and, in turn, in the AKM estimators of sorting that arises when the compensating
differential is nonzero. Hereafter, we restrict attention to the largest connected set of the worker—
firm mobility graph and impose the usual AKM-type normalisations; we do not formalise these
conditions, and treat them as implicit assumptions throughout. Moreover, we abstract from bias due
to limited worker mobility across firms, which is well understood in the literature.

Before presenting the formal results, we introduce some useful notation. Let Z = {(n,t) :
worker n is observed in period ¢} be the set of observed worker—period pairs. Let N be the set of
workers. For each worker n € N, let T,, := ‘{t :(n,t) € I}‘ be the number of observed periods
for worker n. For each firm d € D, let N; = ‘{(n,t) €Z: Dy = d}| be the number of

worker—period observations at firm d.

Assumption 12 (True versus Estimated Wage Equation—Compensating Differential is Nonzero).

The true wage equation is
Wn,t = €n + @(Dn,t) + \Ij<ena Dn,t> Xn,t; /7) + Un,t, (25)

with E[u,,; | Z] = 0, where Z = {(en)ne/\/, (Dnt) ()€t (Xn,t)(m)ez}. The researcher estimates
by OLS the misspecified (AKM-type) equation

wn,t = Op + w<Dn,t) + g(Xn,t; 5) + €n,t- (26)

Equation (25)) is a simplified parametric version of our wage equation (§)). Relative to our gen-

eral class of models: (i) dependence on the second-best firm D;Lt is eliminated; (ii) the state vector
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Snt = (Hpa, IL71, Py, e,) is absorbed into (X, ;, e,), where X, ; is observed in the data and col-
lects H,, 1, If[l, and additional covariates that may measure beliefs (P, ;, 1 — P, ;) about worker
ability 6,, € {0, Q} (iii) the expected output function y(-) is log-linear in worker and firm effects
and independent of X, ;, and is therefore fully characterised by the sum e,, + ¢(D,,+), where e,, de-
notes the worker effect and (D, ;) the firm effect; (iv) the compensating differential is represented
by the parametric function U (e, D,, ;, X, ;; ), with parameters -, which we allow to be nonlinear
and nonseparable in e,, and D, ;, for the reasons discussed in Section @; and (v) the productiv-
ity shock is not firm-specific, but only worker-specific, denoted by w,,; and assumed conditionally
mean-independent of D, ;.

Equation (26) is a misspecified version of equation (25]) because, while it correctly represents the
log-linear output technology in worker and firm effects through the term «,, + ¢(D, ), it replaces
(e, Dyt, Xnt;7)—which, as noted above, can depend on worker and firm effects in a nonlinear
and nonseparable way—with g(X,, ;; §) often taken to be linear in X, ;, which is independent of e,
and D, ;. This misspecification induces bias in the estimators of worker and firm effects and, in turn,

inS AxM relative to Saky, which we now characterize analytically. Define
My = Wen, Dnt, Xntiv) — 9(Xns; B), (27)

which represents the omitted component, that is, the part of the compensating differential \If(en, Dy,
Xt fy) that is not captured by the function g(.X,,;; #) and is therefore absorbed into the regression
error €, ¢ in (26). Using (27), the true wage equation (25) can be rewritten as

Wn,t = €n + 90<Dn,t) + g(Xn,t; B) + Myt + Unp - (28)

Proposition C.1 (Bias in the AKM Worker and Firm Effects). Under Assumption [I2} for each
worker n € N and firm d € D, the conditional biases of the OLS estimators of worker and firm
effects obtained from (26)) satisfy

Elan | Z] —en = ;n (z; [mn,t - (E[I/D(Dnt) | Z] — ¢(Dnyt)) — (E[Q(Xn,tQB) | Z] - g(Xn,t;B))]a
t:(n,t)eL

(29)
B | Z)—o(d) =~ 3 [mna— (Elon | 2] en) = (Blg(Xnsi B) | Z] - 9(Xns: )]

d (n,t)EZ: Dy t=d
(30)

Equation [29| shows that the bias of the OLS estimator of worker effects obtained from is
given by the average, along worker n’s observed job history, of three components: (i) the omitted
term m,, ;, which captures the part of the compensating differential \If(en, Dy iy Xt ’y) not absorbed
by g(X.,.+; B); (ii) the bias in the estimators of firm effects at the firms where worker n is employed,

S1For simplicity of exposition, we assume—for the purposes of this section only—that the researcher can observe, or
accurately proxy for, P, ;. Under this assumption, P, ; can be interpreted as a standard covariate. See also footnote@
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E[()(Dyy) | Z] — ©(Dny); and (iii) the bias in the estimator of the misspecified function g(X,,; 3),
E[g(Xn4; B) | Z] — g(X,+; 5). To isolate the role of the omitted term m,, ;, hold fixed the contribu-
tions of (ii) and (iii). The worker-effect estimator bias in (29)) then increases in magnitude with the

worker-specific average omitted portion of the compensating differential, Ti o (npyez Mn,t- In par-

ticular, ﬁ Zt:(m)ez Myt |—and hence the worker-effect estimator bias—will be large if the worker
spends most periods at firms where the compensating differential U(e,,, d, X, ;) is systemati-
cally above ¢g(X,,+; B) (so g(X,+; ) persistently understates compensation) or systematically below
7= > myer M| Will
be small when the worker’s career mixes firms where the compensating differential ¥ (e,,, d, X, +;7)

9(Xont; B) (so g(X,.1; B) persistently overstates compensation). Conversely,

lies above ¢(X,,,; 3) with firms where it lies below, so that g(X,,;; 3) is approximately correct on
average along the worker’s path.

This mechanism is especially transparent in markets where compensating differentials are highly
heterogeneous across firms—that is, where firms differ sharply in the human-capital development and
information opportunities they offer. In such markets, for a given worker type e,, and covariates X, ¢,
U(e,,d, X, ;) varies substantially with d, so there are firms for which the discrepancy between
U(e,,d, X, y) and the fixed benchmark ¢g(X,,¢; ) is large. When workers are concentrated in
such firms—as is likely early in their careers, when they most value acquiring new information and

human capital—and the discrepancies are predominantly of the same sign, Tln Zt:(m) ez Mne| Will

be large, leading to a large bias in the estimated worker effects.

Components (ii) and (iii) can attenuate or exacerbate this pattern. Say, holding fixed the con-
tributions of (i) and (iii), the worker-effect estimator bias decreases as the average firm-effect bias
Tin D t(ni)er (E[)(Dpys) | Z]—¢(D,,)) increases, as it enters with a minus sign. Specifically,
if 7= 3 mayer Mg and 7= 37, cr(E[)(Dy) | Z] —¢(D,)) have the same sign, component (ii)
offsets part of the bias generated by (i); if they have opposite signs, component (i) reinforces it.

Equation [30] provides the firm-side analogue of (29). It shows that the bias in the estimator of
firm effect at d is an average, over the workers and periods in which firm d is observed, of three
terms: the omitted component m,, ;; the worker-effect estimator bias, E[&,, | Z] — e,,; and the bias
Z] = g(Xnp: B).

As above, to isolate the role of the omitted term m,, ;, consider markets in which compensat-

in the estimator of the misspecified function g(.X,, ;; ), E[g(Xn4; B)

ing differentials are highly heterogeneous across workers—that is, where workers differ sharply in
their processes of human-capital accumulation and information acquisition. In such markets, for
a given firm d and covariates X,,;, V(e,,d, X, ;) can vary substantially across worker types e,
so there exist workers for whom the discrepancy between ¥(e,,d, X, ;) and the fixed bench-
mark ¢(X,,;;3) is large. As a result, firms that disproportionately employ workers for which
U(e,,d, X, ) lies systematically above g(X,, ;) (or systematically below it) will have a large
firm-specific average omitted component Nid Z(n,t) €T: Dy y—d Mt and, all else equal, a large bias in
1 (d). The sign and magnitude of the firm-effect estimator bias ultimately depend on how this firm-
specific average omitted component interacts with the composition of worker-effect estimator biases
among the workers employed at d and with any bias in g( X, ; B ).

We now show how the bias characterised in Proposition propagates to the standard AKM
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estimator of sorting, defined as

= o COV(OACm '@(Dn,t))
Var('wn’t) ’

SarM =

where Cov(-,-) and Var(-) denote the sample covariance and variance computed over the worker—

period observations (n,t) € Z. Let the “true” AKM sorting measure be

COV(ena QO(Dn,t))
Var(wy, ;) ’

SAKM =
For each worker n € N and firm d € D, define the fixed-effect estimation errors
Ao, = G, —e, and AY(d) = (d) — ¢(d).

Proposition C.2 (Bias in the AKM Sorting Measure). Under Assumption the bias in §AKM
relative to Saxn is
z] |

€1y

Cov(en, AQ&(DM)) + Cov(Aozn, go(Dnvt)) + Cov(Aan, A@/}(Dm))

Var(w, +)

E[Saxm | Z] — Saxu = E

Proposition shows that the gap between S axM and Saky is driven by three covariance terms:
(i) Cov(en, Atp(D,4)); (ii) Cov(Aav, ¢(Dny)); and (iii) Cov(Aa,, Ap(D,,,)). In particular, hold-
ing fixed the contributions of (i) and (ii), the bias in S AKM 18 Increasing in Cov(A&n, Aw(Dn,t)).

To build intuition for term (iii), consider a market in which some workers have upward-biased
worker-effect estimation error (i.e., &, — e, > 0) and others have downward-biased ones. Simi-
larly, some firms have upward-biased firm-effect estimation error (i.e., {)(d) — ¢(d) > 0) and others
have downward-biased ones. Such dispersion in worker- and firm-effect estimation errors can arise,
for instance, when compensating differentials are highly heterogeneous across firms and workers,
so that the worker-specific average omitted component 7}—n Zt:(n’t) ¢z Mn, and the firm-specific av-
erage omitted component NLd Z(n’t) €T: Dyyy—d Mt A€ sizable for some workers and some firms (as
discussed above). Whether term (iii) increases or decreases Saxy depends on the extent to which
worker- and firm-effect estimation errors co-move along observed matches. If workers with upward-
biased worker-effect estimation error tend to be employed at firms with upward-biased firm-effect
estimation error, and likewise for downward biases, then COV(Aan, A¢(Dn7t)) is positive and com-
ponent (iii) increases S axM relative to Saxy. If, instead, upward-biased workers tend to match with
downward-biased firms (and vice versa), then Cov(Aan, Aw(Dm)) is negative and component (iii)
decreases S, AxM relative to Saky. Finally, if there is little systematic co-movement between the two
estimation errors, then COV(Aan, Aw(Dn,t)) is close to zero and component (iii) contributes little
to the gap between S axMm and Saxy. The proof of Proposition is omitted, as it amounts to a
straightforward variance—covariance decomposition. We now provide the proof of Proposition [C.1]
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Proof of Proposition [C.1: Let the fitted residual from be

~ ~

én,t = Wpt — dn - w(Dn,t) - g(Xn,t; 6)

We derive the worker and firm bias expressions in turn.

Worker Effects. The OLS normal equation for «, is

OAén:Ti Z wn,t_% Z Q&(Dn,t)_Ti Z Q(Xn,thé)-

t:(n,t)eL " t(nt)eT " t(nt)eT

Taking worker-n averages of (28) yields

(32)

(33)

Z wnt_en 7{ Z 90<-Dn,t)'+_7—,i Z (Xntyﬁ +_ Z mnt+ Z unt

" t:(n,t)eT t:(nt)eT t:(n,t)el " t:(n,t)eT ™ t:(nyt)eT

Substituting (34) into (33) and rearranging gives

CAY Z mnt+_ Z unt+< Z @(Dni)_Ti Z r@(D”,t))
" ti(nt)eT

" ti(nt)eT (n,t)eT " t:(nt)eT
1 1 R
+ (Tn Z g(Xn,t; 5) - Tn Z g(Xn,t; B))
t:(nt)eT t:(n,t)eT

(34)

(35)

Taking the conditional expectations given Z of (35) and using the conditional exogeneity of the error

term, which implies E[% > tnper Unt | Z] = 0, yields 29).
Firm Effects. The OLS normal equation for ¢)(d) is

Z énﬂg - O

(n,t)ET: Dy 1=d

Dividing (36) by N, gives the identity

Ny
(n,t)ET: Dp.y=d

M= Y ey X Ay X o)

Taking firm-d averages of (28) yields

Ni Z Wy = Ni Z en + p(d) + NL Z i 9( X5 B)

d (n,t)€L: Dy t=d d (n,t)EZL: D t=d

+ Ni Z Mnt + Ni Z ) U, t-

d (n,t)€ZL: Dy t=d
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Substituting into and rearranging gives

e =g X mutgy X owr(mp X ey X a)

d (n,t)€ZL: Dy, 1=d d (n,t)€Z: D, +=d d (n,t)€Z: D,, +=d

1 1 R
Hayg X dsd - Y gXand). (39)
(n,t)€Z: Dy, v=d (n,t)€Z: Dy, y=d
Taking the conditional expectations given Z of and using the conditional exogeneity of the
error term, which implies E[Nid D (nt)eT: Dy o—a Unit | Z] =0, yields (30). O

D Supports of Worker Efficiency, Signals, and Worker Ability

We discuss here the supports of worker efficiency, performance signals, and worker ability.

Support £ of Efficiency e,.. To identify the wage mixture (23, Assumption j(ii) imposes that £ is
finite. If e, is continuous (and potentially multidimensional), then the wage mixture becomes
a continuous mixture model, making identification more challenging. In particular, the identifica-
tion result of Aragam et al.| (2020) does not extend to this class of mixtures. This impasse can be
easily resolved by assuming away selection into D,,; based on ¢, ,; that is, assuming that D, ; is
independent of €, In that case, Assumption i) can be replaced by requiring that the uncondi-
tional distribution of ¢, ; is Normal. Since D, ; is now independent of €, ;, the distribution of ¢,, ;
conditional on D, ; equals its unconditional distribution and is therefore also Normal. Under this
simplification, the wage mixture (23] is a continuous mixture of Normals, whose identification is
established by Bruni and Koch! (1985)’s Theorem 1. See Bunting et al.|(2024) for an application of
Bruni and Koch| (1985)’s Theorem 1 to interactive fixed-effect panel-data models in the absence of

selection on unobservables.

Support N of Signal 7, ;. As for &, Proposition can also be easily adapted to cases where
the performance signal 7, about ability is continuous (and potentially multidimensional) in the
absence of selection into D, ; based on ¢, ;. To identify the learning process in Proposition
Assumption[5(i) imposes that A has a cardinality of two. As explained in Section[B.2] this restriction
enables us to represent the signal distribution as a binomial mixture over the unobserved ability 6,,,
which is identified based on Blischke| (1964, |1978). This assumption can be extended to include
other cardinalities and potentially continuous and multidimensional 7, ;, provided that the signal
distribution remains an identifiable mixture. For instance, if 7, is distributed as a continuous and
multivariate Gaussian mixture conditional on 6,,, then the signal distribution would then be a finite
mixture of continuous and multivariate Gaussian mixtures (finite because O is finite), which remains

identifiable according to |Bruni and Koch| (1985), as discussed in their Section 4.9.

Support © of Ability 0, ,. To identify the learning process in Proposition Assumption [5](i)
requires that © has cardinality two. As explained in Section this restriction allows us to model
the signal distribution as a binomial mixture over the unobserved ability #,, with two components.
The binomial aspect arises because N has cardinality two, and the two components of this binomial
mixture correspond to the cardinality of ©. This mixture is identifiable, as shown by [Blischke| (1964,

1978)), provided that the number of periods where workers are observed at each given job d is at least
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2r — 1 = 3, where r = |©| = 2 represents the number of mixture components (see the proof of
Proposition [B.2] in Appendix [E] for more details). Keeping A of cardinality two, Assumption [6]i)
can be extended to any finite O, requiring an increase in the number of observation periods to meet
the new lower bound 2r — 1. Going beyond the finite case, if both 6, and a,, are continuous and
multidimensional, and 7, ; follows a multivariate Normal distribution conditional on 6,,, then the
signal distribution is a continuous mixture of multivariate Normals, identified by Bruni and Koch
(1985)’s Theorem 1.

E Omitted Proofs

Proof of Proposition [I] The proof proceeds in three steps. First, observe that firms’ individual
rationality implies that the worker must be indifferent between working at the first-best firm, D,, ; :=
D(sp,t, €n,t) and working at the second-best firm, D], , := D'(s,+, €n,¢). The logic of this intermediate
result is by contradiction. Since the worker must weakly prefer working at firm D, ; to working at
firm D), , for firm D, ; to be the employing firm in equilibrium, if the worker strictly preferred firm
D, ; to firm D,’%t, then firm D,,; would be able to marginally lower its wage offer and still attract the
worker. Hence, firm D,,; would not be maximizing profits, which is a contradiction.

Formally, first, the worker’s indifference between firms D, ; and D;,t can be expressed as

wn,t,Dnyt + 5[1 - g([qi—l’ Dn,t)] / E [W(Sn,t+17 6n,t+1)|5n,t7 Dn,t] dFen,t+1

€n,t+1

= wn,t,D;m + (5[1 - §(L€717 Dqll,t)] / E [W(Sn,tJrl; 6n,t+1)|5n,t7 D;%t] dFen,tJrl?

€n,t+1

/

where w,,; p, , and wy, ¢, p;,, are the equilibrium wage offers of firms D, ; and Dn,t,

respectively. By

straightforward algebra,

Wn,t,Dy ¢ :wn,t,D;w + 6[1 - g([£_17 D:z,t)] / E [W(Snﬂf-i-la 6n,t-i-1)|3n,t> D;z,t] dFGn,t+1

€n,t+1

- 5[1 - §(Ifl_1, Dn,t)] / E [W(Sn,t—Ha 6n,t+1)|3n,ta Dn,t] dFen,tH- (40)
€n,t+1

Second, recall that by condition (iv) of equilibrium, each non-employing firm must be indiffer-

ent between employing and not-employing the worker. Hence, by (7), the equilibrium wage offer

Wyt D1, of the second-best firm D;Lt must satisfy

1, =0(Dls s neDi )+ = (D)) Bl (s Dl JdF, o

€n,t+1

— [l — (I, Dyy)] / E[ILy (-)|Snts Dny)dF, .- 41)

€n,t4+1
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Third, by substituting for wy, ; pr , in using , we obtain

wn,t,Dmt :Z/(D;,t, 3n,t7 En,t(D;%t)) +6[1 - g([:;17 Dyllyt)]/ E[HD%’,& () ’Snﬂh D:z,t]dFGn,tJrl

€n,t4+1

6l o(I Dy )] / EfTpy()[sns DucddF, .,

€n,t+1

Lol — (I D) / E [W()|sns, Dy dF .,

€n,t+1

[l — (15, Do) / E [W ()|t D] dFo 1.

€En,t+1

Rearranging the terms of this expression then gives

wn,t,Dn,t = y(D;Ltv Sn,ts en,t(D;%t))

+5[1_§(I£_17 D:m,t)]/ E [W(Sn,t—&-l? 6n,t+1)+HD;,t(')|Sn,ta D;l,t:| dFGn,t-H

€n,t+1

— 5[1—§(Ifz_17 Dn,t)]/ E [W(Sn,t—i—lv €n,t+1)+HD;m(‘)|5n,t7 Dn,t] dFen,t+1'
€n,t+1

Using this expression, the definition of match surplus value Vp | (Sn.t, €nt), and of the compensating

differential W (D, ;, D}, ;, $n.t), (8) immediately follows, as desired. O

Proof of Proposition 2] The result is an immediate implication of the fact that if the human capital
process is sufficiently similar across firms, then the state s, ; evolves differently when worker n is
employed by the first-best (D,,; == D(8n, €n,)) and the second-best (D), ; = D'(s,, €ny)) firm
only because beliefs about ability are updated differently based on the worker’s realized output at
the two firms. Now, as apparent from (3), when P, , is arbitrarily close to zero or one, the updated
value P, ;1 of the belief P, ; that worker n is of high ability is arbitrarily close to P, ; regardless of
whether the worker is employed by firm D,,; or D, ,. Hence, the distribution of the state in ¢ + 1
conditional on its value s, ; in ¢ does not depend on whether the worker is employed by the first-best
or (off path) by the second-best firm in ¢. Then, we have that

/ EVoy , (Snt+1s €ner1) Sty D fldFe, oy — / E[Vp,  (Snt+1; €ntt1) St DpgldFe, . =0.
€n,t+1 €n,t+1

When the risk of exogenous separation is sufficiently similar across firms, it therefore follows that
V( Dy, Dy, 45 8nt) = 0 for any possible D, ; and D, ;. That for given D,, s and D, ;, ¥( Dy, s, D, ;, Sn.t)

is strictly positive for some value of F,; is an immediate implication of Proposition Hence,
U (Dyt, D, 4, 8n,¢) must be non-monotone in P, ;, which yields the desired claim. O

Proof of Proposition [3] We begin by abstracting from the risk of exogenous separation and the
possibility for workers to accumulate human capital when employed. As some of the details of the
logic are tedious yet straightforward, we keep the exposition purposely informal whenever possible.

As shown in the proof of Proposition 1 in [Pastorino| (2024)), the match surplus value for the first-
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best firm D,,; := D(s,,;, €n,) reduces to the value of output when |D| = 2. Namely, Vp, , (55, €n,t)

can be shown to solve

Vo (5t €0) =9(Dnts s naDa) 48 [ BV, Olsnss DudddFoy e (42
€n,t+1
In a slight abuse of notation, let now Vp, , be any function convex in the prior P, ; in ¢ that worker n is
of high ability. Define the operator T as TVp, , (St €nt) =Y(Dnt, Snit, €nt(Dny))+0 [ EVD,. ()]
Sty d)dF, '

€n,t4+1°

with Vp, (1) =Vp, . (Snt+1, €nt11). Note that expected output y( Dy, 4, Sp it €5t(Drit))
is an affine function of P, ;. Hence, expected output is a convex function of P, ;.

As for the third term on the right side of (#2), one can show that E[Vp, , (Sn.t41, €nt41)|5nyt, d] is
an affine, hence convex, function of the prior P, ; by using the law of iterated expectations, the fact
that the distribution of signals under any prior is a mixture of the distributions of signals conditional
on the worker being of high and of low ability, with weights given by the corresponding prior proba-
bilities P, ; and 1 — P, ;, and that the average value of P, ;; conditional on P, ; is Pn,tﬁ Now, given
that | e E[Vp,..()|Snt, Dng)dF, .., is a convex combination—a probability-weighted average—
of convex functions of P, ;, it is also a convex function. Thus, T'Vp, , is a convex function of P, ;,
which implies that the operator 7" maps convex functions into convex functions. As 7' is a contrac-
tion mapping, it admits a unique fixed point. Given that the space of convex functions is closed,
the fixed point of 7" must be a convex function. Hence, VDn,t(sm, €nt) 1s a convex function of P, ;.
Since Vp, , (Sn.t, €nt) in the multi-job case is the maximum of job-specific match surplus values that
are convex functions of P, ;, an analogous argument applies.

The convexity of VDnyt(sm, €nt) With respect to P,, implies that mean-preserving spreads of
posterior beliefs increase match surplus value. Recall now that if the job of firm D, ; is more in-
formative than that of the second-best firm D), ;, = D'(s,,¢€,,) in the Blackwell sense, then the
distribution of posterior beliefs reached at the end of ¢ conditional on the worker’s employment
at firm D, , in ¢ is a mean-preserving spread of the distribution of posterior beliefs reached at
the end of ¢ conditional on the worker’s employment at firm D, , in ¢. It is then immediate that
Fo e BV, Olsnes D JAFey i < [, Vi, (Vlsnss DadddF, o,
and the property that the law of motion of the state differs across firms only in terms of the evolution
of P, ;. By contrast, it follows that fen,tHE[VD%,t ()|8n,t; Dy, JdF, > E[Vpr ,()|snt, Dnl-

Ent+l — Jep 41
dFEﬂ,,t+1

When the risk of exogenous separation and the human capital process are sufficiently similar

by the convexity of Vp

if the job of firm D, ; is less informative than that of firm D, , in the Blackwell sense.

across firms, an analogous argument applies, which concludes the proof of the proposition. ]

Proof of Corollary [B.I(a). We show how to identify the conditional signal distribution

Pr(nz =n'|H,1=h, Dl =d" e, = e), (43)

32This result extends Lemma 3.1 in [Banks and Sundaram| (1992)) to the case in which the relevant state of nature,
here a worker’s ability, is correlated across firms, which are here the “arms” of the market-wide bandit problem of the
worker’s employment at one of the firms competing for the worker’s services.
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foreacht € {1,...,7 — 1} and (n*,h,d",e) € N* x H x D' x &, where * = (ny,...,7n;) and
d' == (dy,...,d;). By Proposition B.1|i) at time ¢ + 1,

Pr(e, =e, 0, =n"| Hy1 = h, D:*' = d'*1),
T =1 ; n

is identified for each (e, ') € ExN'and (h,d"™') € HxD', where d' = (dy,ds, ..., di, diy1) =
(d',d;y1). Using the law of total probability,

Pr(en =e, n,=n"|H,y=h, D= dt)

=> Pr(en=e 0, =n"| Hyy =h, D" = (d',d1)) x Pr(Dyyp1 = dpyr | Hoy = h, Dy = d').

dit1

Therefore
Pr(e, =e, n,=n'| Hy1 = h, D}, =d"), (44)

is identified.
By Proposition B.1{i) at time ¢,

Pr(en =e, it =n""H, =h, D= dt),

is identified for each (e,n"!) € €& x N*"! and (h,d") € H x D!, where d* = (di,...,d;) and

't = (ny,...,m_1). Therefore,

Pr(e, =€ | H,1 =h, D!, =d"), (45)

is identified from

Pr(en=e| Hyy=h, Dl =d) =) Pr(e,=e, ni ' =0 | Hyy =h, D, =d").

at—1
By combining (44)) and (43), the conditional distribution in (43)) is identified via the ratio

Pr(e, =e, 0, =n'| H,1 = h, D =d")
Pr(e, =e| H,1 = h, D, = d") 7

for any e € £. Note that, to combine (44) and (43), the mixture weights at ¢ and ¢ + 1 must be
consistently labeled, which we accomplish as explained in Appendix by using the means and
variances of the mixture components.

Proof of Corollary [B.1(b). We show how to identify the conditional signal distribution
Pr(nn,t =Nt Mnt+1 = Mt+15 Nnt+2 = 77t+2|Hn,1 = h, Dn,t = dy, Dn,t+1 = dt+1> Dn,t+2 = dt+2, €n = 6),

(46)
foreacht € {1,...,7 — 3} and (0, Dsy1, Neras Iy di, diy, diyo,€) € NP X H x D3 x &,
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By Proposition [B.1{i) at time ¢ + 3,
Pr(en =e, N2 =yt | H,, = h, D3 = dt+3),

is identified for each (e, n'™?) € ExN'2 and (h, d"™) € Hx D3, where d'*3 == (dy, do, ..., d;_1,

dt7 dt—i—la dt—i—?a dt+3) = (dtila dta dt—i—la dt—i—?a dt+3) and nt+2 = (771; N2y« oo s =1, Nty Net1,5 77t+2) = (ntila

M, Nis1, N2 )- Using the law of total probability,

Pl"(en =€, Tnt = Nty Mnt+1 = Ne+15 Tnt+2 = Thi+2 ‘ Hn,l = h, Dn,t = d, Dn,t+1 = dy41, Dn,t+2 = dt+2)
=" > Prlen=en = 0" 0 mein, my2) | Hog = b, DS = (d'7 diy diy, diyo, diys))

77“1 dtfl’ dt+3

X Pr(fol =d"" Dpyis =dyys | Hoy = h, Dyy = dy, Dyyyr = digr, Do = dt+2)-
Therefore,

Pr(en =€ Mnt = Nt; nt+1 = Th+1, Tnt+2 = 77t+2’Hn,1 =h,Dpy = dy, Dy yy1 = diyr1, Dyyyo = dt+2),
47)
is identified.
By Proposition B.1{i) at time ¢ + 2,

Pr(en =e, nitt =ttt H,1=h, Df:rQ = dt+2),

n

is identified for each (e, n't1) € & x Nl and (h, d'?) € H x D'*2, where d'*? := (dy, ds, . . ., d; -

dig1, diyo) = (A7 dy, dypg, dig) and ' = (1, m2, .. 1, M) = (0771, 1, g1 ). By the law of
total probability,

Pr(e, =e| Huy =h, Dpy=di, Dypyr = digr, Dpira = diga)
- Zzpr(en =6 77;1“ - 77t+1 | Hn,l = h, DZH = (dtiladt,dtﬂ,dtw)))

o

x Pr(Dy ' =d™" | Hyy = h, Dpy=di, Doy = dipr, Do = diya).

Thus,
Pr(en =€ | Hpi=h, Dy =dy, Dypy1 = diga, Dypyo = dt+2), (43)

is identified.
By combining and (48), the conditional distribution in (46)) is identified via the ratio

Pr(en =€ Mnt = Nty Mng+1 = Me+15 nt+2 = Me+2 | Hn,l = h, Dn,t = dt, Dn,t+1 = dt+1> Dn,t+2 = dt+2)
)
Pl‘(en =€ ’ Hn,l = h, Dn,t = d, Dn,t+1 = dy1, Dn,t+2 = dt+2)

forany e € £.
Note that, to combine (7)) and (48)), the mixture weights at ¢ 4+ 2 and ¢ + 3 must be consistently
labeled, which we accomplish as explained in Appendix [B.3|by using the means and variances of the
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mixture components.

Proof of PropositionB.2} Step 1: Identification of a(h, d,e) and B3(h,d, ¢). In this step, we identify
the conditional probabilities

Oé(h,d, 6) and ﬁ(hvdu 6), (49)

for each (h,d,e) € H x D x & such that, for some ¢t € {1,...,T — 3}, Pr(nn,t = Ny, Mnp1 =
Nes1s Mgz = Thto | Hon = hyDpy = d, Dy = d, Dypyyo = d, e, = e) is identified for each
(Mes 41, Mer3) € NP

Proof: Fix (h,d,e) € H xD x Eandt € {1,...,T — 3} such that, forsome ¢t € {1,...,7 — 3},
Pr("?n,t = Nt Mnt+1 = Me+1s Mnt+2 = Nev2 | Hy1=h,Dpy =d,Dyyp1 = d, Dyyyo = d, e, = 6)
is identified for each (1, ¢+ 1,M:43) € N3. See remark below for sufficient conditions based on

Corollary B.I|b).

For any (1, 7111, Ni42) € N3, using the law of total probability and Assumption we can write

Pr(nm = Mty Nnt+1 = N+l Nnt+2 = The+2 | H, .= h, D,y = d, D1 = d, Do =d, e, = 6)
= a(h,d, 6)2520 Hnere=m} (1 — a(h,d, 6»3723:0 Hmere=n} q(h,d,e)
+ B(h, d, )Zizo Hore=m (1 — B(h, d, e)) > ==0 M= (1 _ g d, e)),
(50)
where q(h,d,e) = Pr(0, =0 | H,1 =h, Doy =d,Dys11=d, D0 =d, e, =e).

Equation (50) is a binomial mixture with two components and three trials. The left-hand side
of (50) is identified by assumption. Following Blischke| (1964, [1978), the weights and components
of the binomial mixture in (30), {«(h,d,e), 5(h,d,e),q(h,d,e)}, are identified if the number of
trials is greater than or equal to 2r — 1, where r is the number of mixture components. In our
case, r = 2. Therefore, we need to observe workers who remain in job d for at least 2r — 1 = 3
periods, which motivates our focus on periods ¢,¢ + 1,¢ + 2 in (50). In particular, «(h,d, e) and
B(h,d, e) are identified without any labeling indeterminacy with respect to 6,,, using the restriction
a(h,d,e) > B(h,d,e) imposed by Assumption [3](iii). O
Step 2: Identification of the Prior and Posterior Beliefs. In the proof below, we identify the prior

Pr(0, =0 | H,, = h,e, = e), (51)

for each (h,e) € H x & such that, for some d € D, Pr(nml =a|Hy,1 =h,D,; =d,e, = e) is
identified, and a(h, d, e) and (h, d, ) are identified. In turn, the set of realizations of the posterior
beliefs { P, ;} L, is identified, since each P,; can be computed recursively as in equation (3 using
{a(h,d,e), B(h,d,e), Pr(0, =0 | H,1 = h,e, = €) }(hde)cHxDxE-

Proof: Fix (h,d,e) € H x D x & such that Pr(nn,l =n|Hy1=h,Dy1=d,e, = e) is identified
and a(h,d,e) and G(h,d,e) are identified. See remark below for sufficient conditions based on
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Corollary [B.Ifa). Using the law of total probability and Assumption [5(i) and (iii), we can write

PF(T]n,1 =n|Hy1=h,Dp1 =d, e, = e) = a(h,d, e)l{”:ﬁ}(l —a(h,d, e))ﬂ{azﬁ} p1(h,e)
+ B(h,d, €)= (1= B(h, d,e)) " (1= pi(h,e)).

where py(h,e) :== Pr(0,, =0 | H,1 = h,e, = ¢). In turn,

Pr(nn,1=n|Hn,1=h,Dn1=d,en=e)—B(h,d,€)

ifn =7

_ a(h,d,e)—B(h,d.e) 1 )

P (h’ 6) "\ Pr(an1=a|Hn,1=h,Dy 1=d,en,=¢)—(1—B(h,d,e)) £ — (52)
B(h,d,e)—a(h,d,e) wn=n.

Therefore, p; (h, e) is identified if Pr(n,1 =n | H,1 = h, D1 = d, e, = e) is identified, a(h, d, e)
and ((h, d, €) are identified, and «(h, d, e) # B(h,d, e) by Assumption [5(iii).

Remark. Lett € {1,...,7 — 3} and (h,d,e) € H x D x . By Corollary B.1{b),

PF(Un,t = Nt Mnt+1 = Me+15 Nnt+2 = TNe+2 | Hn,l = h, Dn,t =d, Dn,t+1 =d, Dn,t+2 =d, e, = 6);

is identified for each (1, t41, Ne2) € N? if the wage mixture weights in are identified at times
t + 2 and t 4 3. See Proposition [B.T| for sufficient conditions.

By Corollary B.1]
Pl‘(ﬂm =n|Hy1=h,Dy1=d,e, = e),

is identified for each € N if the wage mixture weights in (23)) are identified at times 1 and 2. See
Proposition [B.T] for sufficient conditions.

Proof of Proposition Let2<t<T,s:=(h,t,pe)€S,deD,ands = (71, ,p,€) € Si1.
We have

Pr(sn,t =S | Dn,t—l = d7 Snit—-1 = §)
- Pr(Hn,l - h, [:;1 =L, =2¢€ ‘ Dn,tfl = da Hn,l = ;La [7272 - Za Pn,tfl = ﬁv €n = é)
X Pr(Pn,t =D | Dn,t—l = d> Hn,l = iL) [2_2 = Z? Pn,t—l = 257 €n = é)

For (h,e) # (h, &), Pr(spy = 8 | Dpy1 = d, 8,41 = §) = 0. For (h,e) = (h, é),

Pr<3n,t = S’Dn,tfl = d> Spt—1 = §)
=Pr(Il' =1Dp; 1 =d, I2=17) (53)
X Pr(Pn,t - p|Dn,t—1 = d7 Hn,l = h, Pn,t—l = ﬁa €n = 6).

In (33), Pr(It "' =u|D,y—1=d, It:"2=17) is known because I ! is a known function of D! ~! and I} ~2
is a known function of D!~2. By (3), p can take two values, {p, p}, depending on whether 7,,;_1 = 7
or N1 = 1. Thus, Pr(P.; = p|Dny—1 = d, Hyy = h, Pyy—1 = P, e, = €) in (53)) can be

Pr(pn,t = pan,tfl = d: Hn,l = h7 Pn,tfl = ﬁa €n = 6)
- Pr(nn,t—l = ﬁ|Dn,t—1 = da Hn,l = h, Pn,t—l — 15’ €n = 6)7
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or
Pr(Pn,t = Ban,t—l = d> Hn,l = h7 Pn,t—l = ﬁa €n = 6)

=Pr(mne-1=nDpy-1 =d,Hyy = h, Poy1 = P, en =€),
which are identified by Proposition Indeed,

Pr(nn,t—l = 77|l)n,t—1 = da Hn,l = h, Pn,t—l = ﬁ) €n = 6)

= ZPr<nn,t—1 = ﬁ’Dn,t—l = d, Hn,l = h> Pn,t—l = ﬁ; €p = €, en == 0)
0cO

X Pr(en = 9|Dn,t—1 = d7 Hn,l = h, Pn,t—l = ﬁa €n = 6)

= Pr(ns1 = N|Dpyr = d, Hyy = h,e, = €,0, =)
0cO

X Pr(en = 9’Dn,t—l = d7 Hn,l = h’a Pn,t—l = 257 €n = 6)
= Oé(h,d7 6)]5+ 5(h7da 6)(1 _]5>

Similarly,
Pr(nn,tfl = Q|Dn,t71 = da Hn,l = h7 Pn,tfl - 157 €n = 6) = (1 - Oé(h, da 6))ﬁ + (1 - B(h7 d> 6))(1 - ﬁ)

Therefore, Pr(s,; = s | Dyt—1 = d, $p,4—1 = §) is identified. O

Proof of Proposition[B.4, Let 2 <t < T. The conditional probability
Pr(D,;=d| Hy,y =h, Dt =d e, =ent =0, (54)

is identified for each (d, h,d""!,e,n'™!) € Dx H x D7 x € x N*71, where d'~! == (dy,...,d; 1)
and "' := (n,...,m_1). This is because, by Bayes’ rule,

Pr(D,,=d| H,1 = DIt =d e, = e it =t h
_ Pr(e, = e,nt~t=n='| H,y = h,D! = (d',d)) Pr(D,, =d| H,y = h,Di"t = d'™1)
B Pr<€n =€, 77%71 =nt-! ‘ Hn,l = h, fol = dtil) ’

where:

 Pr(e, = e,n =0t | Hoy = h, D, = (d'"1,d)) is identified by Proposition B.1|i) at time
t for each (e,n!~t, h,d'"1,d) € € x N*71 x H x D,

e Pr(D,; = d | Hy,y = h,Di"" = d'™') is known from the data for each (d,h,d"™!) €
D x H x D1

e Pr(e, = e, = !~ | Hy,1 = h,Di7' = d'') is identified, as shown in (#4)), from
Proposition B.1[i) at time ¢ for each (h,d'™, e, ') € H x D71 x € x Nt7L,

The joint distribution
Pr(H,, =h, Dt =d" e, =e,n "t =01, (55)
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is identified from Proposition[B.1{i) at time ¢ for each (h,d' ", e,n'!) € HxD!"'xExN'~1. Given
(33), (33), and knowledge of the map g, from realizations of (H,, 1, D!, e,,, n'~ 1) to realizations of
$n—which follow from Proposition [B.2}—we identify Pr(D,, = d | s,,; = s) for all d € D and
s €S,

For t = 1, the same steps apply, with the obvious modification that D,,; ; and 7, are not

present in the derivations. O]

Proof of PropositionB.5, Let 2 <t < T'. From Proposition B.I{ii) at time ¢, we identify
Pr(wn,t <w | Hn,l = h7 Dfmt = dt; En = 6777;_1 = Ut_1)> (56)

for each (h,d!,e,n'™1) € H x D! x & x N'71, where d' = (di,...,d;) = (d'"1,d;) and n'~1 ==

(7717 s 7771‘/71)*
From Proposition B.I{i) at time ¢, we identify

Pr(Hn,l = h, Dfm =d e, =e, 772_1 = nt_l), 67
for each (h,d',e,n'"') € H x D' x & x N'~1. From Proposition B.1{i) at time ¢, we identify
Pr(Hu,1 =h, D, =d ey =em, =0, (58)

n,t n

for each (h,d"™ ! e,n!™!) € H x D71 x & x N1,
By taking the ratio between and (58)), we identify

Pr(Dmt =d; | Hyq = h, DIt =" e, =e, nt = nt_l)

n,t
_ Pr(H,i=h, Di,=d e, =en "t =n"") (59)
- Pr(Hy = h, D)t =di ey = et =)

for each (h,d!,e,n'™1) € H x Dt x & x N'*1,
Letd € D and s € S;. Using Bayes’ rule, for each w € R, we can write

Pr(wn,; <w|Dpt =d, spt =) =

Z Pr(wn,t S len,l - h, Drf;tl - dt_17 Dn,t - d7 €n =6, 772_1 = T]t_l)

g(h,d=tent—t)=s
_ t—1 _ gt—1 _ _ t—1 _ t—1 (60)
Pr(H,1=h,D,,' =d™ Dy, =d,ep = et =n')
X : .
Z PI(HRJ = h, D;}l = dt_l; Dn,t - da €n =6, 77;_1 = Ut_l)
(h7dt_17e7nt_l):

g(h,d'=Lent~1)=s

All the components on the right-hand side of (60) are identified by (56) to (59). Therefore, Pr(w,,; <
w | Dyt =d, s, = s) is identified.
For t = 1, the same steps apply, with the obvious modification that 7, ; and D!~! are not

present in the derivations. O]
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Proof of PropositionB.6| To keep the notation and exposition lean, we provide the proof of Propo-
sition for the wage equation (TI)), which omits dependence on the second-best firm D], ,—
Proposition below. The proof for the general equation (T0) follows the same steps, with D;

entering the relevant expressions where needed.

Proposition E.1 (Deterministic Wage—Simplified Wage Equation (I1))). Let t € {1,...,T} and
d € D. Assume that the conditional wage distribution Pr (wnvt <w ‘ Dy =d, spt = s) is identified
for each w € R and s € S, (see Proposition for sufficient conditions), and that the conditional
choice probability Pr(D,,; = d | s, = $) is identified for each s € S; (see Proposition |B.4| for

sufficient conditions). Moreover, assume:

(i) (Supports.) For each s € S;, wi(d,s) = sup{u : Pr(w,(d) < u|s,; = s) < 1} = oo and
w™(d, s) = sup{u : Pr(wn; <u| Dpy=d, s, =) <1} = oo,

(ii) (Tail Limit.) There exists an unknown constant q;(d) € (0,1] such that for each s € S,
limy, o0 Pr(Dnvt =d|spt =5, wp(d) > w) = q(d).

(iii) (Tail Regularity.) For each s € Sy(d), there exist unknown thresholds a,(d,s) < oo and
a?™(d,s) < oo such that the cumulative distribution functions of wages Fup i(d)|sni=s and
Fop 1| Doi=d,sn.—s are continuous and strictly increasing on (a;(d, s), 00) and (a?™(d, s), 00),

respectively.

(iv) (Normalization.) There exists a known § € S, such that p(d, 5) = 0.

Let {ngt}kzl C (0,1) be any sequence with Té?t — las k — oo. Foreach s € S, define the

sequence {Téi)’t}kzl C (0,1) with T(gi)’t =1- % (1— Tcggt). Then,

lim [met | Dy t=d,sn,t=s (Téi)’t) - met | Dp,t=d,sn,t=5 (Tg?’t) ] = gO(d, S)- (61)

k—o00
Hence, p(d, s) is identified for each s € S,.

Proof: Let d € D and s € S;. For any threshold w, Bayes’ rule and the identity Pr(w,; > w |
Dy =d,spt=5) =Pr(w,(d) >w| Dyt =d,spt = ) give

Pr(w,(d) > w|spt = $) Pr(Dys = d|sps = s, wy(d) > w)

Pr(wps > w|Dny = d, spp = 5) = Pr(Dpy = d|sps = s)

Using Assumptions [6] and

Pr(wp: >w | Dy =d, $pe =5) ~ ¢i(d,s) Pr(wn,t(d) >w | Spp = s) (w— 00), (62)

where ¢;(d, s) #jl)&mzs) € (0,00) and “~” denotes that the ratio of the two sides con-
verges to 1.
Write Sy ¢(w) = Su,,(@)[sn.=s(w) and S, (w) = Su,,|D,,=d,s,.—s(w) to denote the survival

functions of the potential wages w,, ;(d)|s, + = s and observed wages wy, +|(D,=d, s, =s). Then,
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(62) reads as
Sama(w) ~ (d, s) Sase(w)

By Assumption@, both right wage endpoints are co. By Assumption@, the upper-tail CDFs F, ,(d)s,..=s

(w — 00). (63)

and Fy, D, =d,s..—s are continuous and strictly increasing beyond finite thresholds, so their tail

quantile maps are the ordinary inverses on the corresponding index ranges near 1.

LemmalE.T]

Hence, by

1—7
w =d,Sn t=5 = Wn.t Sn.t=S$ 1— 51_ ) 17 64
QuaslDusmtoni=(7) = Quulons=s (1= s + 0(1=7)) =1, (@b
where 05(1 —7)/(1 —7) = 0as7 — 1.
From wy, +(d) = ¢(d, s) + €,.+(d), for all u € (0, 1),
ant |5nt S(U’) = gp(d7s)+Q5n,t(d)(u)
Plugging into (64) gives
1-—
Quasl Pusmtoni=s(T) = ¢lds8) + Qoo 1= s + o(l=7)) (T 1) (©9)
Let {Td t}k>1 C (0,1) with Tcg . — 1. Define Tcgk)t as
®) ci(d,s) (*)
= 1- 1—77 66
Tdst Ct(d ) ( d,s,t) ( )

(k)

Since ¢;(d, s), c:(d, 5) € (0,00), we have 7, € (0,

1) for all large k: and Tdst — las k — oo. Note

also that by (66), 1 — 7, S)t (ei(d, s)/ci(d,3))(1 — (5 ) 4)» 801 — Td’s’t and 1 — Téjg),t are of the same
order.
Evaluate (63) at 7 = ngt and, with s = 5, at 7 = Té?t
(k) [ o (k)
an,t ‘ Dn,t:dysn,t:‘s (Td,s,t) = g0<d7 8) + Qen,t(l) (1 - Ct(d S) + O'S(l Td S t))
. e . (k = o0). (67)
an,t | D t=d,sn,t=5 (Td,g,t) = (,D(d, §) + Qﬁn,t(l) <1 (d S)t + 08(1 - Td,§,t)>7
By construction (66)),
) 1-— Ték) . 1-— Tégt
B Ct(d7 S) B N Ct(d> §) '
Therefore, (67) can be written as
(k) ~Taas (k)
met | Dp,t=d,Sn,t=$ (Td,s,t) = Sp(da S) + Qen,t(d) (1 e (d,5) + 08(1 - Td,s,t))?
. e . (k = 00). (68)
Qun | Dny=d,sp1=5 (Td,g,t) = ¢(d, 3) + Qeni(d) (1 — Ct(;:;jt +0s(1 — Td,§,t)>7
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Also note that o4(1 — Té?’t) — 0 and o5(1 — Té?vt) — 0 as k — oo. Therefore, by continuity of

Qe,.,(a) near 1 under Assumption [8]

Qs (w0,(1-72)) ~Quvsta (sbos(1-72)) = ol1),  wim 1= 85 (k= o)

Subtracting the two equations in and using the normalization ¢(d, §) = 0 from Assumption @

lim [anﬁ, | Dy t=d,$n,t=s (7—(57]215) - me,«, | Dp,t=d,sn,t=5 (T(gfgg)’t) :| = (p(d7 S)'

k—o0

This proves the claim.

Note that, while {T§?7t}k21 can be chosen arbitrarily as any sequence with rgf?,t € (0,1) and

Té?,t — 1, the sequence {Téi{t}@l is defined in (66) as

* . c(d, s) k)
-1 1— .
Td,s,t Ct<d, g) ( T )

Using Assumption in particular, the invariance across s of lim, o Pr(D,; = d | s, =
S, wpt(d) > w)—we have that

Therefore,
(k) 1 Pl"(Dmt =d | Spt = §) 1 (k_)
Tdsit Pr(Dy,, =d| spt = ) ( Td’s’t)’
which can be calculated in the data for any given choice of {Tégt}kzl. Hence, Té?t can also be
calculated from the data. [

Lemma E.1 (Survival-to-quantile index inversion—Simplified Wage Equation (L1)). Lert € {1,...,T},
d € D, and s € S;. Under Assumptions (i) and (iii) of Proposition|E.1]

Swn,t|Dn,t:d,sn7t:s(w) ~ Ct(d> S) Swn,t(d)\sn,t:s(w) (’IU — OO), (69)

for some c(d, s) € (0,00), if and only if
1—7
Qup i Dni=d,sni=s(T) = an,t(d)lsn,tzs(l T olds) +os(1 - T)> (r—1), (70)

where os(1 —7)/(1—=7) - 0asT — 1.

Proof: (=) Assume
Sfj’ff,t(w) ~ c(d, s) Sqs(w) (w — 0). (71)

Fix 7 — 1 and define
Wr = an,t\Dn,tZd,sn,t:s(T)- (72)
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By (1), wfbs(d, s) = 00, s0 w, — 0o as T — 1. For 7 close enough to 1, w, lies in the tail region

where (iii) applies; thus, by continuity on the tail and (72)),

Fwn,t|Dn,t:d,5n,t:5 (wT) =T,

which is equivalent to
Sai(wr) =1-7. (73)

From (71)) evaluated at w = w, and (73)), we get

1—7
— 1— 1 4
Sa,s(Wr) o(ds) + 05(1 = 7) (1 — 1), (74)
where 05(1 —7)/(1 —7) = 0as7 — 1.
Define
Ur = Fwn,t(d)lsn,FS(wT) =1- Sd,s,t(wT)' (75)
By (74)—(73), ,
-7
=1-— 1-— 1).
ur=1l-—mstal-n (=1 (76)

Since u, — 1, for 7 close enough to 1 we have u; in the tail index range where F,, ,(a)[s,..=s 1S
invertible; combining this with (73],

-1
e = (Fu, @lsni=s)  (Ur) = Quy@lsns=s(tz) (7 —=1). (77)

Substituting into yields

wr = Qui(@fona=s (1 - ;&—’; to(1-7)  (r—1). (78)
Combining (78) with (72)) gives (70).
(<) Conversely, assume
1—71
QuatDrimtons=(7) = Quostpns=s (1= g Hos1=7)) =1 (9
Fix 7 — 1 and set L,
U, =1 — eolds) +o0s(1 —7). (80)
Then, (79) becomes
Qup 4| Dy y=d,sp1=5(T) = Quop (d)[sni=s(Ur) (T —1). (81)

Since u, — 1, it lies in the tail index range where (ii1) yields invertibility, so
Fwn,t(d)\sn,tzs (an,t(d)|5n,t:3(u7)) = Ur. (82)
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Applying F,,. ,(d)[sn..=s to both sides of and using (B0)-(82) gives

1—71
Fw Sn.t=S8 W t 1=d,sn =5 =1- 31— —1).
e @lsni=s (Qui gl Doi=d5n1=5(T)) o TelmT =)

Equivalently, in survival notation,

1—71
St Quw v=d.sy =5 = (1 — 1). 83
d, 7t<Q n,t|Dn, d7 n, (7—)) Ct(d, S) + 0 ( 7—) (7_ — ) ( )
Moreover, by continuity on the tail under (iii),
SdOESS,t(an,t‘Dn,t:den,tZS(7—)) = 1 - T (84)
Define
Wy = anyt\Dn,t:d,sn,t:s (7—) (85)
Then, by tail continuity under (iii),
S (we) =1-7. (86)
From (4), (85)), and (86), with 74 4,(7) == 0s(1 —7)/(1 —7) = 0,
S9s, (w, 1— 1
d, ’t( ) = T = ¢(d, s) = (d,s){1+o(1)},

Sd,s,t(wf) Ctl(;l:;) (1 + Ct(d7 S)Td,s,t(T)) 1+ ct(dv S)rd,s,t(T)

whence
Sgni(wr) ~ ¢i(d,s) Sase(wy) (T —1).

Finally, since 7 + w; is increasing and unbounded, any sequence w — oo can be written as w,,
with 7, — 1,
b
Sg,ss,t(wT) ~ ci(d,s) Sas(w) (w — o0),

which is (69). O

Proof of Proposition To keep the notation and exposition lean, we provide the proof of Propo-
sition for the wage equation (IT), which omits dependence on the second-best firm D), ,—
Proposition |E.2| below. The proof for the general equation (I0) follows the same steps, with D), ,
entering the relevant expressions where needed.

Assumption 13 (Tail-Ratio Identifiable Distribution—Simplified Wage Equation (I1))). Let ¢ €
{1,...,T}. Foreach d € D, €,(d) belongs to a parametric family, indexed by the p; x 1 vec-
tor of parameters |14, that is tail-ratio identifiable. Namely, for any p;+ 1 distinct large thresholds
0<eg<e <---<ep, the map

- Sen @ (€1; fha) Sen o) (€pg5 Hd)
Sen,t(d)<€0§/id)7 ’ Sen,t(d)(eo;/id)
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is injective, where S, ,(q) denotes the survival function of €, (d).

Proposition E.2 (Shock Distribution—Simplified Wage Equation (T1))). Let t € {1,...,T}. As-

sume:

(i) The conditional wage distribution Pr(wn,t < w | Dpiy = d, spy = s) is identified for each
w € R, d e D, ands € S,. See Proposition|B.5|for sufficient conditions.

(ii) Assumptions (i) to (iv) of Proposition hold, implying that ¢(d, s) is identified for each
de€Dands € S,.

(iii) Assumption[I3|holds.

Then, the parameter L, is identified for each d € D. Moreover, if the shocks {€,(d)}acp are
mutually independent across d € D, then the joint distribution of ¢, is identified as the product of
the identified marginals. Alternatively, if a copula C\, is specified so that

Fe, (v, vp)) = Cu(Fen,t(l)(Ul;M1)>---,Fen,t(m\)(vm\;umO) V(vi,. .., vp|) e R,

and the copula parameter v is known, then the joint distribution of €, is identified from the iden-
tified marginals and C,,.. Without further restrictions on the dependence among {€, (d)}qep, the
Jjoint distribution of €, is partially identified by the sharp Fréchet—Hdffding bounds in that for all
(vi,...,vp) € RP|

maX{Z ena(d) (Va; pa) — (D] = 1), 0} < F, (v1,...,9p) < %igFen,t(@(vd;ud)-

Proof: Lett € {1,...,7} and d € D. We prove that 1, is identified. Let s € S;. By Bayes’ rule
and the identity Pr(w,,; > w | Dyy = d, sp¢ = s) = Pr(w,(d) > w | Dyt = d, $,r = ), for any
w e R,

PI’(Dnt—d|5nt—5 wnt( ) )

SU} =a,8n,t=—S8 = Sw t Sn.t=S 87
n,t|Dn,t Cl7 n, (w) n, (d)l n, (w) Pr(Dn7t — d | Snt 8) ( )
Under Assumption (i) and (ii) of Proposition [E.1] if follows from that

Swn,t|Dn,t:d7sn,t28(w) ~ ct(d7 S) Swn,t(d)\sn,tZS(w) (w — OO): (88)

where ¢;(d, s) = ¢(d)/Pr(Dyt = d | spr = s) € (0,00).
Take two thresholds wy, ws > 0 and let min{w;, ws} — oo. Dividing (88)) at w = w; and w = wy

gives
Sw Sn.t=S8 Sw ¢ Sn.t=S8
llm nt|D'nt d n, (U}1) — n, (d)‘ n, (wl) . (89)
min{wi,wa}—00 Sy, #|Dnt=d,sn = —s(w2) Swn,t(d)\sn,zzs (w2)
By exogeneity of €, 4,
Swn,t(d)|sn,t=s(w) = Pr<€n,t(d) >w— (,D(d, S)) = Sen,t(d)(w - gO(d, 3); Nd) (90)
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Substituting into yields

Sw =d,Sn.t=5 SE t - d7 )
lim n,t|Dn,t=d,sn, (wl) _ n,t(d) (wl SO( S) Hd). 91)

min{wi,ws }—o00 Swn,t\Dn,t=d,sn,t=S (wg) SEn,t(d) (wg — gO(d, S); Md)

Now choose p;+1 distinct large thresholds 0 < wy < wy < -+ - < wp, and form the p, ratios

Swn,t|Dn,t:d,3n,t:5 (w])

Rj(s) = j=1....pa

Swn,t‘Dn,t:dgsn,tZS (wo) ’
Applying Q1) with (wy,ws) = (w;,wy) for each j = 1,...,p, and letting all thresholds be large
gives
Se,, () (w; —(d, s);
hm RJ<S) — n, (d)( J (ID( ) lud)
min{w;,wp }—00 Sen,t(d) (U}O — Qp(d7 S), Nd)

) j:17"'7pd7 (92)

(©2) tells us that the observed vector

converges to the vector

(Sen,t(@ (w1 — o(d, 5); pa) Sens(d) (Wp, — @(d, 5); /M))
Sen,t(d) (wo - SO(d, 8); Md) ’ ’ Sen,t(d) (wo - SO(CL S); #d)

By Assumption[I0} the map

Sen,t(d) (w1 —(d, s); Md) Sen,t(d) (wpd —(d, s); Md))

s (
! Senid) (W0 — @(d, )3 p1q) Senta) (Wo — @(d, )5 pra)

is injective. Therefore, the system of equations [92]identifies /4. ]

Examples of Tail-Ratio Identifiable Distributions. Consider a random variable ¢ belonging to a
parametric family, indexed by the p x 1 vector of parameters 3, that is fail-ratio identifiable. Namely,

for any any p + 1 distinct large thresholds 0 < ey < e; < --- < ¢,, the map

Se(er; B) Se(ep; B)
b (56(60;5)’ Y 56(60;5)) ’

is injective. We now provide examples of parametric families that are, or are not, tail-ratio identifi-
able.

Normal. Suppose € ~ N (1, 0?), with parameters (u, o), so p = 2. The survival function is

S.(e; 1, 0) = Pr(e > e) = 1—F(€_“>,

g
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where F'(-) denotes the standard normal CDF. Fix any 0 < ey < e; < e, and define

zozzeogu, Aj=ej—e >0 (j=1,2).

Then B
Selejip,0) 1= F(9F)  1—F(z+ Aj/o)
Sc(eosp,0) 1 — F(%2) 1 — F(2)

= Q,(20,0).

For fixed o and A, Q;(z0, o) is strictly decreasing in z,. For fixed 2z and A;, Q;(20, 0) is strictly
decreasing in 1/0 (equivalently, strictly increasing in o), since A; > 0 and 1 — F(+) is strictly

decreasing. Hence, the map

Se(el;luao-) 86(62;/“’L70-)
) ? ) )
<lu U) <S€(60;M,0') Se(eo;lu’70->

is injective, i.e., the normal family is tail-ratio identifiable.

Exponential. Suppose € ~ Exp(\), with parameter A > 0, so p = 1. The survival function is
Se(e; ) = Pr(e > e) = exp(—Xe).
Fix any 0 < ey < e; and define
A =e; —eg>0.
Then
Se(er; ) exp(—Aep)
S.(eg; ) exp(—Aeg)

For fixed A; > 0, Q;()) is strictly decreasing in A, since the exponential function exp(—AA)

= exp (—AA1) == Q1(N).

decreases as A increases. Hence, the map

is injective, i.e., the exponential family is tail-ratio identifiable.

Lognormal. Suppose ¢ ~ LN(m, 02), with parameters (m, o), so p = 2. The survival function is

S.(e;m,0)=1—F (W) |

o
where F'(+) is the standard normal CDF. Fix any 0 < ¢y < e; < e, and define

| B .
20 = M7 A;.Og = log (6—3) >0 (j=1,2).

o €
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Then

Alee
log(e;)—m 1—-F J
Sieymo) 1 F (H977) (Z“ ) Qy(z0,0)
= = = Q;(20,0).
Se(egym, o) 1 _ <10g(60)—m) 1 — F(2) A

For fixed o and A;Og, Q;(z0, o) is strictly decreasing in z. For fixed zo and A;og, Q; (20, 0) is strictly
decreasing in 1/0 (equivalently, strictly increasing in o), since A;-Og > 0and 1 — F() is strictly
decreasing. Hence, the map

(m, o) — (56(61;771,0) 56(62;m70)>

Se(eg;m, )’ Sc(eg;m, o)

is injective, i.e., the lognormal family is tail-ratio identifiable.

Pareto. Suppose € ~ Par(«, k), with parameters (o, k), so p = 2. The survival function for ¢ > k is

S.(t o k) = (g)a

Fix any 0 < ey < e; and define

Then the ratio of survival functions is

Se(ej; a, k) eo\ €o “
Sdgial) (L) - = Q0.
Se(eg; a, k) e; eo + A,
For fixed o and A, Q;(«) is strictly decreasing in c, since A; > 0. Hence, the map

o (Se(el;a7k) Se<€2;057 k))

Se(e(]; a, k)’ S€<€0; «, k)

is injective in «, but not in k, since the scale parameter & cancels out in the ratio. Thus, the pareto
family is tail-ratio identifiable in « but not in .

Mixture of Normals. Suppose ¢ is a mixture of two normal distributions with parameters (p1, 0?)
and (p2, 02), with mixture weight 7 € [0, 1], so p = 5. Specifically,

fe(e) =T 925(6; K1, O-%) + (1 - ﬂ-) ’ ¢(6;M27 03)7

where ¢(e; 11, 02) is the normal density function with mean y and variance o2.

The survival function is the weighted sum of the survival functions of the two normal distribu-
tions,

Se(e;W7M1,017M2702) =Tm- SN(€§M1701> + (1 - 7T) : SN(€;M2702)7
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where

SN(€§N70):1_F(6_H),

o

and F'(+) is the standard normal CDF. Fix any 0 < ¢y < e; < --- < e5 and define
AJ ::6]'—€0>0 (]:1,,5)

The ratio of survival functions is

Se(ejST"a,Ulaala,UZaUQ) T SN(ej;M1,01) + (1 - 7T) : SN(%;M;@)

Se(eo; 7, p1, 01, o, 02) - Sn(eo; p,01) + (1 — ) - Sye(eo; p2, 02)

For fixed p1, 01, pi2, 02, and A, the above ratio depends on the mixture weight 7. Hence, the map

. (Se(el;ﬂ,/thm,m,az) 55(62§W7M1,01,M2,02))
Se(eo; T, p1, 01, pi2,02) " Se(eo; T, pa, 01, 2, 02)

is injective in 7, but not in p, 01, {2, 02. Thus, the mixture of Normals is tail-ratio identifiable in 7

but not in H1,01, U2, 02.

Proof of Proposition Lett € {1,...,7 — 1} and d € D. Define the two human capital
functions hy(Z, ) = ha(Zns,n) and hgy(Z,:) = hg(Zns,7), corresponding to a low and high

realized performance signals, respectively. Then, writing the expectation operator explicitly, we have

y<d7 Zn,t7 Pn,t) - hd(Zn,t) + [hd<Zn,t) - hd(Zn,t)]Pn,t~ (93)

Now evaluate at two realizations (z,py) and (z, p2) of (Z,,+, P,.+) with p; # po:

y(d, 2,p1) = hy(2) + [ha(2) — ha(2)] 1,

y(d7 Z7p2) = hd(2> + [hd('z) - hd(z)]pQ
Subtracting the second equation from the first yields
y(d, z,p1) — y(d, z,p2) = [ha(z) — hy(2)] X [p1 — pa].

We can solve for the difference Ay (2) == hg(z) — hy(z) as

d,z, —y(d, z,
Adﬂf(z):y( p) —y(d,z,p2)

(94)
b1 — D2
Substituting into evaluated at P, ; = p; gives
hy(z) = y(d, 2,p1) = Aaa(2)p1. (95)

On the right side of (93)), y(d, z, p1) and y(d, z, p,) are identified by Assumption (i). Thus, Ag;(2) is
also known, so h,(z) is identified. Finally, hy(2) = hy(2) + Agy(2) is identified.

37



Online Supplementary Material
F Omitted Model Details

We present here omitted details and proofs about the characterization of the model equilibrium.

F.1 Efficiency of Equilibrium in the One-Job Case

Although our model is one of imperfect competition in the labor market as firms are differentiated in
their technologies, the equilibrium does not need to be inefficient. Intuitively, wages are determined
by a second-price auction mechanism for a worker’s services, which, as any such mechanism, has
desirable efficiency properties. However, inefficiencies can arise because through employment, firms
allow workers to acquire human capital and generate information about their ability, but neither
human capital nor information about ability can be priced separately from a worker’s labor services.
Put differently, the pricing mechanism is not rich enough to align a worker and al/l firms’ incentives
to produce output, human capital, and information.

Yet, we are able to establish that equilibrium is efficient provided that the process of accumulation
of human capital and information and the risk of exogenous separation are similar enough across
firms that workers are able to internalize through their employment decisions the willingness of the
third-best firm, fourth-best firm, and so on to employ themFE] This result extends to the case in which
firms consist each of many jobs, as shown in Appendix [F.2] of the Online Supplementary Material.

Proposition F.1 (Efficiency). For any D such that |D| < D, whenever the process of human cap-
ital acquisition, the probabilities o(H,,1,d, e,) and B(H,1,d, e,) of high output for a high-ability
worker and a low-ability worker; respectively, and the probability of exogenous separation ¢(I'™1, d)
are sufficiently similar between any two firms d and d' for each realization of H, 1, e, and I},

where the required degree of similarity depends on D, the equilibrium is efficient.

Proof: Consider first the case in which |D| = 2. The proof of the result in this case is an extension
of Theorem 2 in Bergemann and Vilimaki| (1996). Although their result applies to a setting in which
a worker’s ability, unlike our case, is independent across firms—namely, a consumer’s taste in their
framework of two firms competing for a consumer is unknown to all and independent across firms—
no steps of the argument is reliant on this assumption. We note that for this case, the assumption that
the human capital process is sufficiently similar across firms can be dispensed with. When |D| > 2,
the assumptions of the proposition ensure that firms ranked third-best, fourth-best, and so on by the
worker can always be chosen to have technologies that are sufficiently similar to that of the first- and
second-best firms. Hence, the same argument as that under the case of |D| = 2 applies. ]

F.2 Multi-Job-Firm Case: Equilibrium, Efficiency, and Identification

We now argue that the probability of a worker’s employment at any firm in the market and allocation

to any job at the employing firm admits a pseudo-programming characterization, which only requires

31t is easy to construct counterexamples to efficiency when the market consists of three or more firms or each firm
consists of multiple jobs, if the human capital or informational process are unrestricted across firms.



knowledge of a worker’s wage in equilibrium. For this result, we consider the general case of our
model in which firms consist of finitely many jobs indexed by j—without loss, we assume the set of
jobs to be the same across firms. In this section, we denote by f a generic firm, by d the equilibrium
employing (first-best) firm, and by d’ the equilibrium second-best firm.

In this more general case, the definition of equilibrium extends straightforwardly; we note here
only the important differences. In particular, we denote by (wy, ¢ f, jn.t.f), With wy, ¢ f == w(Spt, €nt)
and j 1 r == jf(Snt, €nt), the wage and job offer strategy of a generic firm f and by {wy,+ ¢, jnt.f} rep
the collection of all offer strategies. We denote by l,,; r ‘= I7(Snts €nt, {Wnt.fs Jnitf} rep) the ac-
ceptance strategy of worker n for firm f’s offer—an indicator function, taking value one if f is the
employing firm and zero otherwise at a given state—and by {/,,.; ¢} rep the collection of all accep-

tance strategies. Given firms’ strategies, worker n’s strategy satisfies

W(Sntaenta{wn,t,fajn,t,f}feD)—{lrnaX Zlfx{wntf+5[1_§(Hnl7 n a.f ]mt,f)]
f feD

<[ B[ Wlsninnenrs (wnsrr g dnsnsbreo)snss Fonis 4Fuy (%)
€n,t+1

where j,,, s affects the exogenous separation rate ¢(-) and conditions the law of motion of the state,

as is apparent from the conditional expectation in the last line of (96)). Given worker n’s strategy and

its competitors’ strategies, firm f’s strategy satisfies

Hf(sn,ta en,t) - Hq})ajx <ln,t,f X {y(fa Sn,tajv 6n,t(f7j)> -

+5[1_§( nlylt ! f])]/ E[Hf(sn,t—l—la6n,t+1)|sn,t7faj]dFEn,t+1} (97)

€n,t+1

+ Z ln,t,f’{5[1 - g(Hn,la ]fl—l’ fla jn,t,f’)]/ E [Hd(sn,t-‘rla 6n,t+1)|sn,t7 flvjn,t,f’] dFen,t+1 }) ’
f'eD\{f} Enst+1

which shows how each firm now chooses a wage and a job for the worker, taking into account the
wage and job offers of all other firms—see the last line of (97). The cautious equilibrium refinement,
namely, condition (iv) of our equilibrium definition, requires that if firm d € D employs worker n at

state (Sy,¢, €n,¢), then for any other firm f € D,

5[]- - g(Hn,l’ Iﬁ—l) d7jn,t,d)]/ E[Hf('>|3n,ta d7 jn,t,d]dFEn,t+1 - H&%X {y(fa Sn,tu ja En,t(f’j»

€n,t4+1

— wt3{L = (a1 190 B, £10E, 0 ). ©8)
"

Two immediate implications of equilibrium are as follows. First, worker n must be indiffer-
ent between the offers of the first- and second-best firms, as discussed in the proof of Proposi-
tion (1} and weakly prefer either of these two offers to any other offers. Second, for each firm f,
maximizing profits is equivalent to maximizing the sum of its own value of profits and worker n’s
value of wages from accepting its offer. We denote this value by W(sm, €nt|f), which is the value

W(sm, €nty {Wnt ', Jnt.f } prep) conditional on the worker accepting firm f’s offer, after suppress-

2



ing the notation for firms’ offers since they are function of the state (s, s, €,.¢)-

That maximizing profits is equivalent to maximizing match surplus follows from: (i) any firm f
different from the first-best firm d being indifferent between not employing the worker—in which
case its payoff is I1¢(s,, ¢, €,.4|d), the left side of (98)—and employing the worker—in which case its
payoff is IT¢(s,., €n¢|f), the right side of (98)); and (ii) worker n weakly preferring employment at
the first-best firm d to employment at any other firm f, (W(sm, €ntld) > W(Sn,t, €nt|f)). Summing
the two conditions TT(s,., €n4|d) = s (504, €nilf) and W (sps, €nild) > W (sS4, €ns|f) term by
term indeed gives that

Hf(sn,b En,t‘d) + W<3n,t; 6n,t|d) Z Hf(sn,b En,t‘f) + W(Sn,ta 6n,t|f)7

so maximizing profits is equivalent to maximizing match surplus for any firm f different from the
first-best firm d. As for the first-best firm d, since this firm must prefer employing to not employing
the worker, that is, I14(s,, ¢, €,¢|d) > ILi(Sp4, €4.¢] f), an analogous argument applies.

Thus, at any state at which a firm f is the employing firm d, we can rewrite the firm problem as

Vd(sn,ta En,t) - mjax {y<d7 Sn,ts .j? En,t(d7 .])) +6[1_§<Hn,17 ]:L_:L? d?])]/ E[Vd('”‘sn,t? d7 j]dFﬁn,tJrl}?

€n,t+1

(99)

whereas at any state at which firm f is not the employing firm d, we can rewrite the firm problem as

Vf(sn,ta En,t) = max (wn,t,d+5[1_§(Hn7la 12_17 d7 jn,t,d)]/ E[Vf(')|5n,t7 d7jn,t7d]dFen,t+17

€En,t+1

max {y(f’ Sn,t’j’ €n7t(f7j))+5[1_§(Hml’Iqtz_17fvj)]/ ]E[Vf(')|sn,t7faj]dFEn,tH})’ (100)

J €n,t+1

where w,, ; 4 is worker n’s wage at the first-best firm d. At each state, the solution to the subproblem
in (O9) determines worker n’s probability of job assignment at the employing firm (firm d) condi-
tional on employment at it, whereas the solution to the subproblem in (T00) determines worker n’s
probability of employment at firms different from the first-best firm (any firm f # d) together with
their job offer. By (99) and (100)), the best-response problem of any firm f can be represented as

y

max; {y(f, Snits Js En,t(faj))
OB 20 £ ) VSOl £ 1 )i £ = d

Vi(Sn,t, €n,t) = § max (w",t,d+6[1—<(Hn,1a Lt ds gnea)l ), o BV Olsnes dsjnpaldFe, s

max; {y(f, Snity J» Ent(f, 7))

FO[L—¢(Hp, I, £ 9)] .

n,t+1

n,t+1

L E[Vf(')ysn,ta f?j]dFGn,H—l}) if f 7& d

which is a pseudo-planning problem up to the one-period match surplus value of firm f when it is not
the employing firm, given by the wage w,, ; 4 paid to worker n by the first-best firm. The collection

of all such match surplus values for all firms determines worker n employing firm and assigned job.
3



By the discrete choice logic in Kristensen et al. (2015), it is easy to see that up to  and knowledge of
Y(f, 5nss 4, €ns(f, ) for one 7, say j, the remaining y(f, s,.1,5), €ns(f>5), j # J» are identified once
the remaining primitives are known—see Proposition for the formal statement of this result.

In terms of the efficiency of equilibrium, recall that in equilibrium, worker n must be indifferent
between the first-best (d) and second-best (d’) firm and weakly prefer their offers to any other; the
employing firm must prefer employing the worker to not employing the worker; and each non-
employing firm must prefer not employing the worker to employing the worker. Respectively, in
equilibrium, for worker n to be employed at firm d, it must be that

Wt a+0[1 — s(Hp1, 15 d, na)]
X / E W<Sn,t+17 €n,t+1; {wn,t+1,f’7 jn,t+1,f’}f’€D) ‘Sn,ty d; jn,t,d] dFenytJrl
€n,t4+1 -

> wmt,f‘i‘é[l - g(Hn,la Ifz_la fa jn,t,f)]

></ E W(Sn,t+l> €n,t+1, {wn,t+1,f’7 jn,tJrl,f’}f’ED) ‘Sn,b f7 jn,t,f:| dFen,H_l?
€n,t+1
with strict equality when f is the second-best firm d’; for the employing firm d, it must be that

ma’.x {y(d7 Sn,t7j7 En,t(d7j)) —w + 5[1_§<Hn,17 Irt;,_la d?j)]/ E[Hd<'>|8n,t7 d?j}dFen,tJrl}

w
sJ €n,t4+1

> 5[1_§(Hn,17 [Fl? f7 jn,t,f)]/ E[Hd(')|5n,t> f> j”7t>f]dFe7z,t+l;

€n,t+1

and for any other firm f # d, it must be that

5[1 _g(Hn,h 12_17 d7 jn,t,d)]/ ]E[Hf<) |Sn,t7 d) jn,t,d]dF€n7t+17

€En,t+1

> I?U%X {y(f7 Sty Jy €nt (f, 7)) —w+06[1—s(Hp1, 12_17 [ ])]/ E[Hf(')|5n,t7 e j]dFEn,t+1 }
p €n,t+1

By summing term by term these three sets of inequalities and recalling the definition of (social)
welfare S(sy,¢, €,,¢) as the sum of values of worker n and all firms, namely, S(-) = W (-)+>_, I1;(-),
it is immediate that if the law of motion of the state and the risk of exogenous separation are similar
enough across firms and jobs or firms’ continuation profits are independent enough of the state (as
under perfect competition when they are zero), then any MPE is efficient. Intuitively, in this case, the
values of all players can be “passed through” the relevant maximization operators so that maximizing
match surplus is equivalent to maximizing total surplus. We note that this argument applies to all
MPEs, even those that do not satisfy the cautious requirement. In the general case, however, this
argument does not apply, and it is easy to see that the equilibrium need not be efficient (see also
Bergemann and Vilimaki, [2006). O



G Additional Identification Results

G.1 Micro-Foundation of Assumption (ii) of Proposition [E.1

Lemma|G.I|shows that if the productivity shocks are “sufficiently independent,” then Assumption (ii)
of Proposition [E. | holds. This corresponds to Corollary 4.1 of [D’Haultfoeuille and Maurel (2013)).

Lemma G.1 (Moderate Dependence—Simplified Wage Equation (IT))). Let Assumption (i) of Propo-
sition[E. 1| hold and, without loss, D = {0,1}. For some q,(1) € (0,1], let

lim Pr(e,;(0) < €,4(1) + a|ene(l) > u) = (1)  foralla €R. (101)

U—00

Then, Assumption (ii) of Proposition holds in that lim,,_, Pr(Dn,t =11 spt =35, wpe(l) >

w) = q(1) for every s € S,. Moreover; if €,,(0) and €,,(1) are independent, then q,(1) = 1.

Proof: For simplicity, assume that the equilibrium is efficient. All the steps can be generalized to
the non-efficient case by leveraging the pseudo-planner problem representation in Appendix of
the Online Supplementary Material. Then. for any s € S; and w € R,

Pr(D,; =1 | Spt =S, Wp(1) > w)
= Pr(T(1,8) + €,4(1) > T(0,8) + €,0(0) | 50 =5, ©(1,8) + €n,4(1) > w) (102)
= Pr(e,,4(0) < €,0(1) + T(1,5) — T(0,8) | €ns(1) > w — (1, 5)),

where Y(d, s) + €,+(d) is the expected present discounted value of output for firm d in state s after

productivity shocks have realised.
Setu =w — p(1,s), sow — oo iff u — co. Applying (I01)) with a = Y(1,s) — T(0, s) gives

lim Pr(en:(0) < €n4(1) + a(z) | ent(1) > w — (1, 5)) = q(1). (103)

w—r00
By (102), (103) is precisely

llm Pr(Dnﬂf — 1 | Sn7t = S; wn,t(l) Z w) = qt(1)7

w— 00

which is Assumption (ii) of Proposition [E.1]
Now, suppose €, (1) and €,,(0) are independent. Then, for any @ € R and u € R,

Pr(e,(0) < e€ni(l) 4+ a| €ne(l) > u) = E[Pr(en,t(O) < é€ni(l)+a | €,(1))

= E[Fen,t(O) (Gn,t(l) + (l) €n,t(1) > ui|,

ens(1) > u]

(104)
where F, (o) is the CDF of ¢,,;(0) and the second line uses independence between ¢, ,(0) and €, ;(1).
Since F,

€n,t

(0) 1s nondecreasing,

Fo(u+a) < F,

€n,t

(0) (€n,t(1) + a) < 1 ontheevent{e,,(1) > u}.



Taking conditional expectations yields the bounds

anyt(g)(u —+ a) < E[ F€n,t(0) (Emt(l) —+ CL)

ent(1) > u] < 1

Letting u — oo and using lim, _,, F;

€n,t

)(7) = 1, we conclude that

lim Pr(e,(0) < e,¢(1) +a|e(l) >u) =1,

U—00
so (1) = 1. O
Remark. Suppose thate,, (1) and ¢, ;(0) are jointly normal—or lognormal. If cov(e, (1), €,.(0)) <
Var(e,, ¢(1))—or if cov(log(e, (1)), log(€,:(0))) < Var(log(e,.(1)))—then (I0I) holds. Similar
“sufficient independence” conditions can be given for many other parametric families, including

both thin-tailed (for instance, Normal, Exponential, Gamma, Logistic, Gumbel) and fat-tailed (for

instance, Pareto, Cauchy, Burr, Fréchet, log-logistic, and lognormal) distributions.

G.2 Proposition [E.1| with Bounded Support

Proposition [G.I]establishes identification of the deterministic wage components entering our simpli-
fied wage equation in the case where the potential wages wy, +(d) | s,: = s and the observed,
selected wages wy, ¢+ | (Dn;+ = d,s,; = s) have different right endpoints. The identification result
retains the spirit of Proposition [E.I] but extra care is needed in taking limits because the two end-
points differ. We further show that, when finite, the lower and upper endpoints of the potential wages
Wy t(d) | spt = s and shock €, +(d) are nonparametrically identified (Corollary .

Proposition G.1 (Deterministic Wage—Simplified Wage Equation (I1]) with Bounded Supports).
Lett € {1,...,T} and d € D. Assume that the conditional wage distribution Pr (wm < w ‘ D, =
d, sp: = 3) is identified for each w € R and s € S; (see Proposition for sufficient conditions),
and that the conditional choice probability Pr(D,,; = d | s, = s) is identified for each s € S, (see

Proposition|B.4|for sufficient conditions). Moreover, assume:

(i) (Supports.) For each s € S, wi(d, s) = sup{u : Pr(w,(d) < u | spy = s) < 1} < oo and
w™(d, s) = sup{u : Pr(w,; < u| Dpy = d,spy = 8) < 1} < wy(d, s), with wy(d, s) and

wob(d, s) potentially unknown.

(ii) (Relative Tail Decay.) For each s € S;, define rqs:(u) = Pr(Dm =1 Spt = s, wy(d) >
Qun s (d)smims(W0)), u € (0,1). There exists an (unknown) constant q;(d) € (0, 00) such
that, for every s € S; and a fixed reference s € S;, lim,,_.; ws—% = q(d).

Td,s,t

(iii) (Tail Regularity.) For each s € S, there exist (unknown) thresholds a,(d, s) < oo and a?™(d, s) <
wyPs(d, s) such that Fy,, ,(a)[s,=s and Fy, D, ;=ds.,—s are continuous and strictly increasing
on (a(d, s),00) and (a7™(d, s),ws™(d, s)), respectively. Moreover, F\, ,p, ,—d,s,,—s iS con-

tinuous at the endpoint: lim,,_, ovs(q ) Fuo,.,i| Dpa=dysni—s(W) = 1.

(iv) (Normalization.) There exists a known § € S; with o(d, s) = 0.
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For each s € S, let {Téi-)’t}k21 C (0,1) be any sequence with Té?t — 1 as k — oo and define the

sequence {ngt}kzl C (0,1) where

k
Tcg,s),t =1-

Then,
. k k
lim [ an,t | Dy t=d,Sn,t=5 (Tcg,s),t) - an,t | D t=d,Sn,t=5 (Tcg,s’,),t) :| = gO(d, S) . (105)

k—o00

Hence, @(d, s) is identified for each s € S,.

Proof: To facilitate reading, we divide the proof into steps. Without loss, consider firm d = 1.
Step 1: Bayes rule. Let s € S;. For any real w, Bayes’ rule gives

Pr(wn,t(l) > W | Spr = s) Pr(Dnvt =1|spt=s5, wy(l) > w)
Pr(D,; =1] s, = s)

_ (w) Pr(Dm =1|spt =35, wy(l) > )

o ’wn’t(l)|5n,t:8 PI‘(Dn’t = ]_ | Snt S) '

Swn,tan,tzlysn,tZS(w) =

(106)

Define
rst(u) = Pr(Dm =180t =5, Wpt(1) > Quy o (1)]s0.1= S(U)), u € (0,1).

Evaluating (106) at w = Qu,, ,(1)s,,—s(w) yields

715 (1)
Pr(Dpy=1|8u:=5)

Swn,t|Dn,t:1,sn,t:3(an,t(1)|Sn,t:3(u)) = (1 - u) € (Ov 1)' (107)

Step 2: Behavior of the composed survival near the observed endpoint. By Assumption (iii), there
exist thresholds a;(1,s) < wy(1,s) and af™(1,s) < w™(1,s) such that F,, ,(as, s iS contin-
uous and strictly increasing on (a;(1,s),w(1,s)), and F, ,|p, ,=1,s,,=s iS continuous and strictly

increasing on (a2 (1, s),wf™(1, s)). Define

ui,s,t = Fwn,t(1)|5n,t:5(a’t(]‘7 s)), 7—1*,3,75 = Fl i|Dny=1,50,0= S(G?bS(L s)),

SO Qu, ,(1) 1)|sn,t=s - <u>1k,s7ta 1) = (as(1,8),wi(1,s)) and an,tan,z:Lsn,Fs : (Tik,s,tv 1) = (a Obs<1 s), Obs(l s))
are strictly increasing. Because w?™ (1, 5) < wy(1, s), set

s = 5up {0 € (U o4, 1) + Quy (D] i=s() <wi™(L8)} € (uf 4, 1)

Then, Qu, ,(1)jspi=s(t) — wi(1,s) as u — Uy Since Qu, ,(1))s,.—s() is increasing and
wyP*(1, s) is finite, there exists @y 54 € (u} ,, U1,s¢) Suchthat Q. ,(1js,,=s (1) € (af™(1,5), wi™ (1, 5))

for all u € (@ 54, U1,5¢). On that interval, the map

u = Swntant 1,sn,t= S(ant |5nt 5(“))’

7



is a composition of a continuous, strictly increasing function (the potential quantile) with a continu-
ous, strictly decreasing function (the observed survival on its tail), hence it is continuous and strictly
decreasing on (U s ¢, U1 s ¢). By the endpoint continuity in Assumption (iii),

hgl Fwn,t\Dn,tZLSn,t:S(w) = 17
w—ws(1,s)

and therefore
lim Swn,tIDn,t=1,sn,t=8(an,t(l)Isn,t=s(u)) =0. (108)

U—UL, st

Step 3: Exact tail matching. By the continuity and strict decrease of u > Sy, 1D, ;=1,5,.c=5(Quwn.o (1)[sn.c=s (1))
on (y,sy¢,U1,s,:) and its limit 0 as u — 1 ;, there exists 715; € (77, 1) such that for every

T € (T1,54, 1) there is a unique uy 4 (7) € (Uy 54, Uy,s) SOlving

Swn,zIDn,t=1,sn,t=s(an,z(l)lsn,t=s(ul,S,t(T))) =1-7

Combining this with Sy, D, ;=15 ,=s(Quy (| Dp1=1,5,,=s(T)) = 1 — 7 forall 7 € (77, 1) and the
strict decrease of w — Sy, D, =1,5,.=s (W) on (agP(1, s), wiPs(1, s)) yields

met\Dn,t:l,sn,t:s(T) = met(l)\sn,t:s(ul,s,t<7—>) forall 7 € (7:1,5,& 1) (109)
Moreover,
lim Ut 54 (T) = Unsz- (110)

Step 4: Cross-v T-alignment and the product identity. Fix 5 € S; satisfying Assumption (iv). Let

{Tl(gt}k21 C (0,1) be any sequence with Tl(gt — 1 as k — oo and define the sequence {Tl(li)t} k>1 C

(0,1) where

k) Pr(Dn;=1]s,: = 3) k)
=1 — 1—72). 111
st Pr(Dys =1 s, =5) (=ma) (i

k k k . k k
(k) g,g,t = ulggﬁt(rﬁg)’t). Using (107) at u = ugs)t and u = ugg’l,

(k) ._
Letu;,, = uy (7 ,,) and u

k
Tl,s,t(ug,s),t> 10 _ (1— ut®)
st = 1,5t

(k) (k)
1-—
( uLS’t) Pr(Dnvt =1 | S?’L,t = 3)7 1,5t

1- Tist —

Divide the two equalities and use (I11)) to obtain

= 1. (112)

k _ k _ . _ )
By (110), ug gt — 1 54 and ug S)t — Uy g ¢. SINCE Uy 5¢, Uy ¢ < 1 and ryz4(+),71.54(-) are continuous
8



near those limits (by Assumption (iii)), (112)) implies

. 1_ugks)t
lim (1;)’ =1,
k—o0 1 u1,§t
and therefore
1; & _ By _q
Jim (uff), — i) =0 (113)

Step 6: Identification by differencing. By exogeneity of €, (1),

Qupi(Dsne=s(t) = ©(1,8) + Qc,,y(u)  forallu e (0,1).

Apply (I09) at 7 = 71(2,5 and at 7 = 71(7’2,5 to obtain

k
()0(17 5) + an,t(l)(ug ),t)a
Y(1,38) + Qe 1) (Ur.54)-

(k)
an,tan,t:LSn,tZS (Tl,s,t)

(k)
CB'LUn,tIl)'r7,,t:17'5n,t:g (Tl,g,t)

(114)

By (113)) and continuity of ()., ,(1) near the upper tail,

. k k
lim (an,tu)(ug,z,t) - Qen,t(l)(ug,g,tﬁ = 0.

k—o0

Subtracting the equations in (114)) and using (1, 5) = 0 (Assumption (iv)) yields the identification
result:

. k k

hm an,t |Dn,t:115n,t:5(7—1(,s),t) - an,t ‘ Dn,t:LSn,t:g(Tl(,g),t) ] = gp(]‘7 S)' D

k—o0

Remark. The only substantive difference between Proposition and Proposition|G.I}—apart from
the support restrictions in Assumption (i)—is that Assumption (i1) in the unbounded case is replaced,
in the bounded case, by a relative tail decay condition. For reference, Assumption (ii) of Proposi-
tion [E.1] posits that there exists an (unknown) constant ¢;(d) € (0, 1] such that, for each s € S,

lim  Pr(Dyy =d| spe =5, wn(d) > w) = q(d). (115)

w—wi(d,s)
The requirement (113) is too strong—and in fact necessarily violated—under a strict support gap
wo™(d, s) < wy(d,s) (Assumption (i) of Proposition (G.1). To see this, Bayes’ rule (Step 1 of the

proof) implies, for any s € S; and any w,

Pr(D,; =d| spt =5, wy(d) > w)
Pr(D,, =d| sps = ) '

Swn,tIDn,t:d,sn,t:s (w) = Swn,t(d”Sn,t:S (w)

obs

For any w € (w™(d,s),w:(d, s)) we have Sy, (D, =d,sn.=s(w) = 0 while Sy, ,(d)[sn,=s(w) > 0



and Pr(D,; =d | s, = s) > 0, hence
Pr(Dy; =d| sps =5, wns(d) >w) =0 forallw e (w™(d,s),w:(d,s)).

Therefore, the tail selection probability collapses to zero as w — wy(d, s), forcing ¢:(d) = 0 in
(TT3). A positive limit could arise only in the case w™(d,s) = w;(d, s), which is excluded by
Assumption (i). This is why we adopt a relative tail condition in place of (IT5]), which governs the
rate at which tail probabilities vanish across s (via ratios) rather than imposing a common nonzero

limit that cannot hold under a support gap.
G.2.1 Identification of Support Endpoints

Corollary shows that, when finite, the lower and upper endpoints of the potential wages w;, ;(d) |
snt = s and shock €, ,(d) are nonparametrically identified. Intuitively, for each s, the lower and
upper endpoints of the observed, selected wage distribution, (denoted by w®>(d, s) and w™(d, s),
respectively), are read directly from extremal quantiles: very low quantiles approach the lower end-
point and very high quantiles approach the upper endpoint. Because the deterministic part of wages
¢(d, s) is already known by Proposition |G.1}, we can “shift” the observed w™(d, s) and w?(d, s)
to learn about the latent lower and upper endpoints of both the shock ¢, ;(d) (denoted by w,_(d) and
we(d), respectively; time-invariant for simplicity) and the potential wage w,, ;(d) = ¢(d, s) + €,.+(d)
(denoted by w,(d, s) and w,(d, s), respectively). Namely, selection trims the extremals, so the ob-
served support sits inside the latent one: w9™(d,s) > w,(d,s) and w™(d,s) < wi(d,s), with
wi(d,s) = ¢(d, s) + we(d) and w,(d,s) = ¢(d,s) + w.(d). Taking the best (tightest) such shifts
across s gives bounds:

Sgp{w?bs(% s) = p(ds)} Swe(d),  w(d) < inf{wi™(d,s) —p(d, 5)},

and adding back ¢(d, s) yields corresponding tighest bounds for w;(d, s) and w,(d, s). Moreover, if
there exists a state value s* where selection does not truncate the top (w™(d, s*) = w;(d, s*)), the
upper latent endpoint is revealed by the extremal quantile at s*:

we(d) = lim {an,tIDn,t:d75n,t:3* (T) - QO(da x*)}7

T—1

and then wy(d, s) = ¢(d, s) +w.(d) for every s. A symmetric argument applies to the lower endpoint

if selection does not truncate the bottom at some s'.

Corollary G.1 (Identification of finite right and left endpoints of €, (d) and w, +(d)—Simplified
Wage Equation (I1))). Lett € {1,...,T} and d € D. Maintain the assumptions of Proposition
implying that ¢(d, s) is identified for each s € S,. In addition, assume finite and distinct endpoints,
with two-sided tail regularity: for each s € S;,

(d,s) =1inf{u : Pr(w,(d) <u|spt=s5) >0} > —o0,

wi(d, s) =sup{u : Pr(w,(d) <wul s, =s) <1} < oo,

&

10



wi™(d, s) = inf{u: Pr(wpy <ul| Dypy=d,sny = s) >0} > w,(d,s) > —o0,
w(d, s) = sup{u : Pr(w,; <u| Dy =d, s, = 8) < 1} < wy(d, s) < oo,
with Fy,, (d)|s,..=s continuous and strictly increasing on (w,(d, s), a;(d, s)) U (a:(d, s), wi(d, s)) for

some a,(d, s) < a,(d, s), and F,, ,|p, ,d.s, .—s continuous and strictly increasing on (w™(d, s), a?™(d, s))U
((a™(d, s)), w?™(d, s)) for some a$™(d, s) < (a(d, s)), as well as continuous at both endpoints:

llm Fwn,t|Dn,t:d75n,t:s(w) = 07 llm Fwn,t‘Dn,t:d,sn,tZS(w) = 1
w—swos (d, ) w—wdPs(d,s)

Define the shock €, +(d) (finite) endpoints as:
w(d) = inf{u e R: F, g (u) >0} > —o0, we(d) ==sup{u € R: F, ,g(u) <1} < oo.
Then:

(a) (Observed wage endpoints are identified.) For every s € S;, w?™(d, s) and w{™(d, s) are iden-
tified:

Obs(d S) - ]'lm an t‘Dnt dsnt 5(7—) Obs(d S) - ]'lm an t‘Dnt dsnt 5(7—)

(b) (Sharp bounds for latent endpoints.) For every s € S, a lower (resp. upper bound) bound for
we(d) (resp. w.(d)) and a lower (resp. upper bound) bound for w;(d, s) (resp. w,(d,s)) are
identified:

Lc(d) = sup {w{™(d, s) — o(d, s)} < we(d), U(1) = inf {wi™(d, s) — (d, s)} > w,(d),
w,(d, s) < mm{ wo(d, s), (d, s)+U€(d)},wt(d, 5) > max{ W (d, s), p(d, s)+ Lo(d) }
Moreover, these bounds are sharp under the stated assumptions.

(c) (Upper endpoint point identification under no top truncation at some s*.) If there exists a known
s* € S with w?™(d, s*) = wy(d, s*) (i.e., the finite upper endpoint of the selected observed
wages equals the finite lower endpoint of the potential wages, in other words, selection does
not affect the rightmost support of wages at s*), then, for every s € S;, w.(d) and w,(d, s) are
identified:

e d) = 1m0 [Qu, Dy mtnmsr () = 9l 57)].

T—1

wt(d7 5) = @(da S) + 71_1_>H{ [an,t|Dn,t:d75n,t:3* (T) - @(da 8*>:| :

(d) (Lower endpoint point identification under no bottom truncation at some s'.) If there exists
a known st € S; with w?™(d, s") = w,(d,s") (i.e. the finite lower endpoint of the selected
observed wages equals the finite left endpoint of the potential wages, in other words, selection
does not affect the leftmost support of wages at s'), then, for every s € S, w_(d) and w,(d, s)

11



are identified:

ge(d) = 71_1_I>I(1) [an?t|Dn7t=d,snyt=sT <T> - SO((,L ST)]?

w,(d, 5) = p(d, ) + 10 | Qi = et (T) = 2(ds 1),

Proof: We present the proof for the upper endpoints; the argument for the lower endpoints is sym-
metric. Without loss, consider d = 1.

(a) Fix any s € S;. By Assumption (iii) of Proposition [G.1} F,, ,p, ,=1,,,=s iS continuous and
strictly increasing on (a9**(1, s),w™(1,s)) and continuous at the endpoint. Therefore, its upper
quantiles converge to the endpoint, yielding (a).

(b) Fix any s € S;. It holds that

we(1,8) = (1, s) + we(1). (116)
By Assumption (i) of Proposition [G.1} w®™(1, s) < w(1,s), so
Ww(1,8) —@(1,5) < wi(l,s) —(l,5) = w(l).

Taking the supremum over s yields a lower bound for w,(1). Adding ¢(1, s) gives a lower bound for
wi(1, s). These bounds are the best possible (sharp) without further restrictions.

(c) Fix any s € S;. If there exists a known s* € S; with w9 (1, s*) = w,(1, s*), then by (a), wy(1, s*)
is identified:

wt<]" S*) = }_IE)I% an,tIDn,tzlysn,t:S* (T)

Using (116) written for s* and recalling that ¢ (1, s*) is identified by Proposition gives w (1) =
wi(1,8%) — (1, s*). We plug this into and complete the proof. O

G.3 Proposition [E.1| with Location and Scale Parameters

Propositions E.T|and [G.T]extend to wage specifications in which the shock €, ;(d) is multiplied by a
scale parameter o(d, s,, ;) > 0:

wog = Y W{Dpy = d}[p(d, 50) + 0(d, 5p1)ens(d)]. (117)
de{0,1}

Proposition G.2 (Identification of ¢(d, -) and o(d, -)—Simplified Wage Equation (I17)). Let t €
{1,...,T} and d € D. Assume that the conditional wage distribution Pr(wn,t < w ‘ D, =
d, sn; = s) is identified for each w € R and s € S; (see Proposition for sufficient condi-
tions), and that the conditional choice probability Pr(D,,; = d | s,; = s) is identified for each
s € &; (see Proposition for sufficient conditions). Moreover, assume:

(i) (Supports. | For each s € S, wy(d, s) = sup{u : Pr(w,(d) < u | s, = s) < 1} = oo and

>*We focus on the case of unbounded supports. The bounded-support case follows analogously, with the technical
modifications highlighted in Appendix of the Online Supplementary Material.

12



wePs(d, s) = sup{u : Pr(wny <u| Dpy =d, s,y =5) < 1} = oo
(ii) (Tail Limit.) There exists an (unknown) constant q;(d) € (0,1] such that for every s € S,

limy,—s o0 Pr(Dn,t =d | spt = s, wpe(l) > w) = q(d).

(iii) (Tail Regularity.) For each s € Sy, there exist (unknown) thresholds a;(d, s) < oo and a?™(d, s) <
oo such that the cumulative distribution functions Fy,, ,(a)s, ,=s and Fy,, D, ,=d.s, ,=s are con-

tinuous and strictly increasing on (a(d, s),00) and (a?™(d, s), 00), respectively.

(iv) (Location and Scale Normalizations.) There exists a known s € S; with p(d,s) = 0 and
o(d,z) = 1.

For each s € S, fix the following sequences

o=tk i 13k k=12,

,S,t

and let
(k) — 1 Pr(Dn,t =d | Spt = 5) 1— (k;) ~ (k) 1 PI"(Dmt =d | Snit = S) 1— ~(k)
Td,s,t : PI'(DnJ =d I Spt = S) ( 7—cl,s,t)’ 7_d,s,t : Pr(Dn,t =d | Spi = S) ( Td,s,t)
Then,
(k) ~ (k)
. an,t|Dn,t:d75n,t:5(7—d7s7t) - an,tIDn,t:dasn,tZS(Td,S,t)
o(d,s) = khjgo (k) ~(k) \’
Q’wn,t|Dn,t:d75n,t:§(7—d,§,t) - an,t|Dn,t:d75n,t:§( d,g,t)
and

. k k
@(d7 S) = lfh—)r{olo an,t|Dn,t:d,sn,t:s(T(g,s),t) - 0<d7 S) an,t|Dn,t:d75n,t:§<7—cg,§),t) :

Hence p(d, s) and o(d, s) are identified.

Proof: Let s € S;, and without loss, consider firm d = 1. For any threshold w, Bayes’ rule gives

Pr(w,(1) > w | spt =5) Pr(Dps =1 s = s, wpe(1) > w)

Pr(w,; >w | Dy =1,5,4 =5) = iD= 1|51 =)

Letting w — oo and using Assumption (ii),
Pr(wp; >w | Dypy=1,8,1=35) ~ c(1,9) Pr(wnvt(l) >w | Spp = s) (w — o00), (118)

where

ol g) (1)
+(1,s) - |

Pr(Dn;=1|s,:=15)

)

€ (0, 00),
and “~” denotes that the ratio of the two sides converges to 1.
Write S 54 (w) = Su, (1)[sn.=s (W) and S (w) = Su,, 1Dy 1=1,50.=s(w). Then, (TT8) reads as

S (w) ~ c(1,8) Siep(w)  (w — ). (119)

By Assumption (1), both right wage endpoints are co; by Assumption (iii), the upper-tail CDFs
Fup (1)sne=s and Foy, D, ,=1,s,,=s are continuous and strictly increasing beyond finite thresholds,

13



so their tail quantile maps are the ordinary inverses on the corresponding index ranges near 1. Hence,
by Lemma [E.T| (stated and proved in Appendix [E),

1—71

st 08(1—7)> (r—=1),  (120)

an,t\Dn,t:Lsn,tZS(T) = an,t(1)|5n,t:3 (1 -

where 0,(1 —7)/(1 —7) = 0as7 — 1.
From wy, +(1) = ¢(1, s) + o(1, s)€,+(1) and exogeneity of €, (1), for all u € (0, 1),

ant 1) | sn,t= s(u) - §0(17S>+O’(178)Qen,t(1)(u>‘

Plugging into (120) gives

1_
Qunt | Dai=tisn=s(T) = @(1,8) + 0(1,8)Qc, .0 )(“W tol=m)  (r= 1) a2n
t\+
Scale. Evaluate (121) at 7 = 71(215 and 7 — %1(,]21:3
(k) Ly, (k)
Qw”vt | Dnt=1,8n,e=5 (Tl,s,t) = 90(1’ S) + 0(17 S)Qen,t(l) (1 T o) + 05(1 — 7_1,5,t)>a
(k) L) ® (k — o00)
Qo1 Dot smos (FL0) = 001, 5) + 01, 8) Q0,0 (1= S5 + 0,1 7).
(122)

Take the difference between the two equations in (122

k) k ~(k
Agst an tant 1 ySn,t= 5(7—1( S)t) an t‘Dn t=1,sn t:5(7-1( S)t)
1- (k9>t ~(ks t ~(k
=(1,5) | Qer (1 = 5 +0s(1 = 7)) = Qe (1= 55t +0a(1 = #00)) | (6 = o).
(123)
Repeat analogous steps for 7 = Tl(?’t and 7 = %fgt and use the normalizations in Assumption (iv):

~
T~
~—

(k) ._ (k) ~(k
Al,g,t = an | Dn,t=1 Sn,t:§(7—1,§ t) an | D t=1,8n,t= S( 1,

1*Tl(f€§),t lffl,kg),t ~ (k)
[ Qenacr (1= 575 + 051 = 7)) = Qe (1= S35 + 01 = 7H0)) | (k> o0).
(124)
By the definition of 7'1( spand 7 7'1 s t,
- Tl(ks)t 11— Tl(kg)t - %1(12)75 1- %1(?1:
19 B 1 19y B 1 7_7
a1, s) (1, 5) c(1, s) (1, 5)

Thus, as k& — oo, (123) and (124)) can be written as
k 1-7%), —#) ~(k
AR, = 0(1,8)| Qe (1= T35 + 0,1 = 7)) = Qe (1= 575t + 021 = 7)) |
1-7%) 1-#%) ~(k '
5) = |: ent ( _ (1 )t + 03(1 7—1 5 t)) Qent(l ( Ct(lls)t =+ 05(1 — Tl(,g),t))]
(125)
Take the ratio between the two equations in (I25). Assumption (iii) implies that @, (1) is continuous
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and strictly increasing near 1. Since Tl(ks)t =1-2"and Tl(lz)t = 1 — 3% are distinct for all k, the

denominator of the ratio is nonzero for all large k. By continuity and o4(1 — Tl(i)’t), os(1— Tl(gt) — 0,

1—T(k§)t k 1_%<k§)t ~(k
. QE”ﬂt(l) (1 B Ct(ll:gj + 03(1 - Tl(,s),t)) - Qemt(l) (1 - ct(ll,,gj + Off(l - Tl(,s),t)>
o -0 )

-7y 4 k =75 ~(k .
Qﬁn t(1)< ct (ll’sjt + 0§(1 - Tl(,E),t)> - QGn,t(l) (1 - ct(ll,,ESt + 05(1 - 71(,5),15))

Therefore,
k ~(k
l an t‘Dnt 137115 S(Tl( ), ) an t‘Dnt 15nt 5( 1(8),t)
o(l,5) = lim Q) NORS
ant‘Dnt 157115 S(Tl ) ant‘Dnt 15nt 5( 1, ,t)

Location. Evaluate (121)) at 7 = Tl(,S)J and, with s = 5, at 7 = Tl(f;{tl

*) ) *) (k — 00),
1,5,t
an,t | Dn,tzlysn,tzg (T1,§7t) = an,t(l) (1 - Ct(l:gj + 0§(1 - Tl,@,t))’
(126)
where we use the normalizations in Assumption (iv). By the definition of Tl(i)’t,
1- Tl(lcs)t 1 - 7'1(k§)t
1 129 129
ci(1,8) (1, 5)
Therefore, (126)) can be written as
(k) T (k)
an,t | Dn,t=1,5n,t=s (Tl,s7t) = 90(1 8) + 0(1 S>Q€n (1 )(1 o ct(1,5) + 05(1 - T17S7t)>’
o L o (k — o0).
antant Lspt= S( T15,t ) Q€nt ( - ct(ll:;jt +0§(1 _7—1757t)>7
(127)

As k — o0, subtracting the two equations in (127):

an,t |Dn,t:1,sn,t:3 (Tl(,k;),t) - 0(17 S)an,t |Dn,t:1,sn t=S§ (Tl(kg;)t)
18, 17, (k)
= (1, 8)+0(1,5) | Qe (1 = 0,1 = 7)) = Qe (1 = it +os(1-7i2)) )]

Also note that o4(1 — Tl(i)t) — 0 and o05(1 — Tl(?’t) — 0 as k — oo. Therefore, by continuity of

Qe (1) near 1 under Assumption (iii),

k
(k) M) _ 1=
Q€n,t(1 u+05(1 Tlst) Qﬁnt(l u+08(1 Tlst) _0(1)’ u=1- C(l S) (k’-)OO)
AN)

Therefore, as desired,

lim [an,t | Dn,t=1,5nt=s (Tl(,]z),t) - 0(1’ S)an,t | Dy t=1,8n,:=58 (Tl(fs’),t) ] = @(1’ S)' L

k—o00
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H Extension to Search Models

The quantile approach in Proposition|[G.2]can be used to identify key parameters of equilibrium wage
equations with inherent conditional heteroskedasticity as in standard search models. For example, in
the spirit of Bagger et al.| (2014)), consider the potential wage of worker n at time ¢ in firm d € D is

Wy (d) = w5 Hy 7 e0(d) + (1 —w)(1—68) Ug(H,py), (128)

n,t

where 0 < w < 1 is the worker’s bargaining weight, 74 > 0 is firm d’s productivity, oy € [0, 1) is
the elasticity of wages with respect to 74, € (0, 1) is the discount factor, H,,; denotes a worker’s

human capital at time ¢ with support H;, and U;(H,, ) is the value of unemployment,

Ud(Hn,t) =z + 5E5n,t"’Fen’t [f(S(Hn,ta En,ts W, Qd, Vd, 6))} )

where z is the flow value of unemployment; S(-; w, a4, 74, 6) is the match surplus; f(-) is a functional
of the surplus; and the expectation is taken with respect to the shocks €, ; = (€,.(d) : d € D) with
distribution F,

€n,t*

0 and w as known. The parameters to be identified are then 74, g, and z. The functions f and .S are

The index d on Uy reflects the dependence of .S on (g, 74). As is standard, we treat

known up to (4, g, F,

€n,t

). We consider two cases: (1) H,,; is observed (or unobserved with known
distribution and support); (2) H, ; is unobserved with unknown distribution and support. Hereafter,
we denote by F, () the marginal CDF of ¢,,(d) and by S, ,(q) the survival function of €, ().

Remark. Hereafter, for simplicity, we focus on the case in which observed and potential wages, as
well as shocks, have unbounded support. The bounded-support case follows analogously, with the
technical modifications highlighted in Proposition|G.I|of Appendix [G.2]of the Online Supplementary
Material. In that case, it is also possible to nonparametrically identify the finite lower and upper
endpoints of potential wages and shocks, as shown in Corollary [G.1]

Case 1: H,,, is Observed or Unobserved with Known Distribution and Support. As a preview,
Proposition Proposition[H.2] and Corollary stated below follow immediately from Proposi-
tion [G.2)and Proposition For Proposition replace s, ; with H,,; and define

y(d,Hpt) = (1 —w)(1 = 0) Ug(Hyy) and o(d, Hy,t) = w 5" H 1o,

n,t

Then, Proposition [G.2] identifies y(d, H,,;) and o(d, H,,;). As for Proposition once y(d, H, ;)
and o(d, H,,) are identified, the joint distribution of the shock vector, Fe, ., 1s identified under
the conditions of Proposition As for Corollary once y(d, Hy.), o(d, Hy,;), and F,, , are

identified, the parameters o, 74, and z are straightforward to recover.

Proposition H.1 (Identification of y(d, H,,) and o(d, H,;)). For each firm d € D and period
te{l,..., T}, assume:

(i) (Supports.) For each h € Hy, sup{u : Pr(w,.(d) < u | H,y = h) < 1} = oo, sup{u :
Pr(w,: <u| Dpy=d,Hp,s =h) <1} =00,and 0 < Pr(D,; =d | H,; = h) < L.
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(ii) (Tail Limit.) There exists a constant q;(d) € (0, 1] such that for every h € Hy, lim,, oo Pr(Dn’t =
d | Hn7t = h,wm(d) > ’lU) B qt(d)

(iii) (Tail Regularity.) For each h € H;, there exist thresholds w;(d,h) < oo and w™(d,h) <
oo such that the cumulative distribution functions Fy,, ,(a)\u, ,=n and Fy, D, ,=dH, ,~n are

continuous and strictly increasing on (w;(d, h), 00) and (w¢*(d, h), o), respectively.
(iv) (Normalization.) There exists a known h € H, with y(d, h) = 0 and o(d,h) = 1.
Then, y(d, h) and o(d, h) are identified for each d € D, h € Hy, and t € {1,...,T}.

Proposition H.2 (Identification of F,, ,). Suppose that Assumptions (i) to (iv) of Proposition @
hold so that y(d,h) and o(d,h) are identified for each d € D, h € Hy,, and t € {1,...,T}.
Moreover, for each firm d € D and periodt € {1,...,T}, assume €,,(d) belongs to a parametric
family indexed by the p, 4 X 1 vector of parameters i, q that is tail-ratio identifiable. Namely, for any
prat+1 distinct large thresholds 0 < eq < ey < -+ < ey, 41, the map

Semt(d)(el; ,ut,d) Sen,t(d) (eptﬁd; ,Ut,d)
Senc@(€ostiea)” 7 Seniay(€os ta)

H,a =

is injective. Under these assumptions, for each periodt € {1, ..., T}E]

(a) (Marginal Identification.) For each firm d € D, the parameter |1, 4 is identified.

(b) (Joint Identification.) If the shocks {€,+(d) }4ep are mutually independent across d € D, then the
joint distribution of €, is identified as the product of the identified marginals. Alternatively, if
a copula C,,, is specified so that

Fep (01, vp) = CuFesy(Wri 1) -+ Fep oo (0 tiegmy)) - V(015 vp)) € R

with i known, then the joint distribution is identified via the identified marginals and C,,,.
Absent further restrictions on the dependence among {¢€,, (d) }qep, the joint CDF is partially
identified by the sharp Fréchet-Hoffding bounds, namely, for all (v1, ..., vp|) € RPI,

max{ dZDan,t(d)(Ud; uea) — (D] — 1), O} < F.,.(vi,...,yp) < 13%%1 Ee @y (Va; i a)-
E

3Note that our identification result in Proposition is established period by period. Accordingly, the shock vectors
{€n+}1_, are allowed to be correlated across periods, and we impose no restrictions on their time dependence. If one is
willing to assume that €, ; follows a (covariance-)stationary VAR(p) process,

€n,t = AO + A1€n,t—1 +---+ Apen,t—p + Uty

and that the (population) mean y and autocovariances I'; for j = 0, ..., p are known, then the autoregressive coefficient
matrices Aq,..., A, (and hence Ay = (I — ?:1 Aj)/};) are identified under standard conditions such as orthogonal-
ity/whiteness of u,, ; with respect to past €, ¢, and the usual rank conditions. Note, however, that without parametric
assumptions on the distribution of w,, ;, the marginal distribution of each ¢,, ; is not identified even given knowledge of
w, I'j,and A; for j = 0, ..., p. To recover these marginal distributions, one can instead rely on Proposition@
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Corollary H.1 (Identification of oy, 74, and z). Assume that y(d, h) and o(d, h) are identified for
each d € D, for every realization h of H,, and for some period t > 1 (see Proposition for
sufficient conditions). Assume also that the joint distribution of the shock vector F, , is identified for

the same period t > 1 (see Proposition[H.2] for sufficient conditions). Then, the parameters o, Ya,
and z are identified for each d € D.

Proof: The proof proceeds in three steps.
Step 1: Identification of g from o(d, H, ). For any h, b’ in H,,

O-(d7 h) B w ’Ygd hlfad B ﬁ 1—ay
Ad ) ooy W)

Taking logarithms and rearranging,

_ log (o(d,h)/o(d, 1))
log(h/h')

g =

Note that oy is identified without relying on the scale normalization o(d, h) = 1 in Assumption (iv)
of Proposition[H.1] because the ratio o(d, h) /o (d, I') is identified without any such normalization, as
shown in the proof of Proposition @ Also, to identify a4, we do not need to know the distribution
of €,,¢, namely, F¢, ,.

Step 2: Identification of 4 from o(d, H, ). Recall that for any h € #;, we have that o(d,h) =
wg? h1=*a. Solving for v, yields that

Vi = (a(d, h)w™* ho‘d_l)l/ad.

Note that, unlike o4, the identification of , relies on knowing the level o(d, h) and therefore depends
on the scale normalization o(d, h) = 1 in Assumption (iv) of Proposition As is the case with
g, to identify 4, we do not need to know F¢_,.

Step 3: Identification of z from y(d, H, ;) and F,

€n,t*

For any h € H;, we have

y(d7 h) = (1 - 5)(1 - (.U) z + 5E6n,tNFen,t [f(S(h, €nyt; W, Ad; Vd,s 5))} i| .
Solving for z yields that z is identified as

d,h
° (1 —y((S)(’l )— (,u) N 6]E€”’tNF€n,t [f(S(h> Ents Wyad>7d75))} .

The identification of z relies on knowing the level y(d,h) and therefore depends on the location
normalization y(d, h) = 0 in Assumption (v) of Proposition Differently from «y and 7y, to

identify 2 we need to know F_,. [

Case 1: Alternative Proof. Rather than relying on Proposition we can use a quantile-based
approach that directly leverages the parametric structure of the wage equation in (128). We show

how this approach works to identify o, and 7, in Proposition[H.3] We discuss how the nonparametric
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approach illustrated so far and the parametric approach behind Proposition[H.3|differ from each other
after the proof of the proposition. We start by defining

y(d,Hpy) == (1 —w)(1 = 0)Us(Hpt) and M, (d) == w'yjdHl_ad €nt(d).

n,t
Proposition H.3 (Identification of o, and v,). For each firm d € D and some periodt € {1,...,T},
assume:

(i) (Unbounded Upper Tail of Human Capital.) The upper tail of human capital H,, ; is unbounded,

that is, lim,_1 Qiog i, ,|Dn..=d(P) = 0.

(ii) (Negligible Quantile Reminder Relative to Human Capital.) For each p € (0,1), define the

conditional quantile reminder

Ria(p) := Qiogwn.e|Dp.—a(P) — {108;60 + agqlogya + (1 — ag) Qloan,an,t:d(p)}- (129)

Then, the contribution of this reminder to the selected wage wy, 1| D,,; = d grows strictly more

slowly than the contribution of human capital H, ; as the wage increases, that is,

lim Rt’d(p)

—0. 130
p—l Qlog Hn,t|Dn,t:d(p) ( :

(iii) (Normalization.) The upper tail of the remainder R, 4(p) has a known finite limit. That is,
hm Rt,d(p) = Lt,da (131)
p—1

with Ly g known.

In addition, assume that H, ; > 0, w,; > 0, and €, (d) > 0 almost surely, so that all logarithms

above are well defined. Then, for each d € D, the parameters oy and vy, are identified.

Proof: The proof is articulated in two steps.
Step 1: Identification of ay. Fix a firm d € D. Using the structure of the wage equation,

log wy, +(d) = log M,,+(d) + log (1 + %). (132)
Using the definition of M, ;(d),
log M, +(d) = logw + aglogvs + (1 — ag) log H,, ¢ + log €, +(d). (133)
Therefore, substituting (133) in (132)),
y(d,Hy,1)

log wy, +(d) = logw + aglogva + (1 — o) log Hyp + log €,4(d) + log (1 + m). (134)

Now condition on D,,; = d and apply the conditional quantile operator Q.|p, ,—a(p) to both sides of
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(134). Using only that adding a constant shifts quantiles, we obtain that

ogw —a(p) =1 1 . (135
Define the conditional quantile remainder R; 4(p) as
Rt,d(p) = Qlogwn,t|Dn,t:d(p> - 1ng + aq IOg Yd + (1 - ad) CQlog Hn,t|Dn7t:d(p):| . (136)

Plugging (133)) into (T36)) yields that

R: 4(p) =logw + aglogya + Q y(d,Hp ¢ (p)

(1—aq) log Hy ¢ +log €n ¢ (d)+log (1+M—()> |Dp t=d

— [logw + aglogyg + (1 — aq) Qloan,t|Dn,t=d(p):|7

which implies that

y(d,Hn t) (p> = (1 - ad) Qloan,tan,t:d(p) + Rt,d<p)'

(1—ag) log Hp 1 +log en, it (d)+log (1+ Mn2(d) ) |Dy, t=d

By substituting this expression into (133]), we obtain that
Qlog wni|Dn.—=d(P) = logw + aglogva + (1 — ag) Qrog Hi, o |Dy.i—d(P) + Rea(p)- (137)

Fixanyp € ( ) LetAW<p) = Qlogwnt\Dnt d(p)_Qlogwnt|Dnt d(_) AH( ) = Qloantant d(p)_
Qlog Hy +|Dn=d(D), and Agr(p) := Ry 4(p) — Ria(p). Subtracting (137) evaluated at p and at p yields
that for all p € (0, 1),

Aw(p) = (1 — aq) Au(p) + Ar(p). (138)

By Assumption (i), lim,, 1 Qiog . ,|D,,.,—a(P) = 00 so that

lim Ay (p) = oc. (139)

p—1

By combining (139)) and Assumption (ii), we can show that

. AR(P)
lim =0. 140
o A (p) (140
Indeed, note that
Ry q(p) . Ry 4(D)
Ar(p) Ry a(p) — Ria(p) _ QuogH, 41D, ;=d(P) Qo i,y 4Dy, 4=d(P) (141)
AH (p) Qlog Hn,t|Dn,t:d(p) - Qlog Hn,t|Dn,t:d(ﬁ) 1 — Qlog Hn’t‘D”’t:d(ﬁ) .

Qiog Hy, 11Dy 1 =d(P)
As p — 1, Assumptions (i) and (ii) imply that

Rt,d(P)
Qlog Hn,t|Dn,t:d(p)

Ry a(p)

Qlog Hn,t‘Dn,t:d(p)
20

Qlog Hn,tIDn,t:d(ﬁ)
Qlog Hn,t|Dn,t:d(p)

— 0,

— 0,
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so that the numerator of (141) converges to 0 whereas the denominator of it to 1, which yields (140).
Now divide both sides of (I38)) by Ay (p) to obtain

Aw(p) Ag(p)
Ap(p) Au(p)

Taking limits of both sides of (142)) as p — 1 and using (140), we obtain

N 4Y) R NN 1 V)R G
EﬂAH@)‘}m{“ d”AH(p)} b

1oyt (142)

which identifies 1 — a4 and hence a,. Note that we have not used the normalization in Assumption
(iv) to identify ay. Assumption (iii) will be used below to identify ~,.
Step 2: Identification of .. Rearranging (137)) gives

Rt a(p) = Quogw,s|Dni=a(p) — (1 — aq) Quog 1, .| D, =d(p) — (logw + aglogvq).

Taking limits as p — 1 on both sides and using the tail normalization (I3T)), we obtain

Lt,d = ;171_1/2 Rt,d<p) = 1171_13 {Qlogwn,t\Dn,t=d(p> - (1 - O‘d) QlOan,t|Dn,t:d<p)} - (logw + ay IOg P)/d)

and, by re-arranging terms,

agqlog e = ;l_rg {ngwn,twn,t:d(p) — (1 = aq) Quog Hn,t|Dn,z:d(P)} —logw — Ly 4.

Hence,

Yd = exp (aid Lljl_fg {Qlogwn,t\pn,tzd(P) —(1—aq) Qloan,tan,t:d(p)} — logw — Lt,dD :
The right side of this expression is identified from the conditional joint distribution of (w;, s, H,, ;)
given D, , = d, which determines the limit of Qg uw, ,|D,,=d(P) — (1 — @q)Quog Hy.o| Dy, =a(P) aS
p — 1, the known bargaining parameter w, the known constant L, 4, and the already identified o.
Thus, v, is identified. ]

Remarks. We now compare the approach of Proposition Proposition [H.2, and Corollary
(hereafter, the “first approach”) with that of Proposition [H.3| (hereafter, the “second approach™) to
recover oy and 74. The first approach identifies the scale function o(d, H,, ;) from the upper tail of
the observed selected wage distribution w,, ; conditional on (D,, ;, H,,;). Given the structural relation
o(d, Hyy) = w59 H, ;, aq is then identified from ratios of o(d, h) at different values of h, which
do not depend on any normalization for o(d, -). By contrast, 7, is identified from the level of o (d, h)
at some h and thus requires a level normalization, for example, that o(d, ﬁ) = 1 for some h.

The second approach does not involve the intermediate identification of o(d, H, ), but instead
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directly focuses on the log wage equation expressed as
log wy, +(d) = logw + aglogys + (1 — o) log H,, + + error,

in particular on the equilibrium relationship between the upper quantiles of log w,,; and log H,, ;

given D,,; = d. Under Assumptions (i) and (ii), we obtain that as p — 1,

Qlog wn | Dyi=d(P) = 1ogw + aqlogva + (1 — ) Quog Hy 1| Dni=a(P) + 0(Quog Hy 41 Dri=a (D)),

so that ratios of differences in this expression across different values of p identify the slope term
1 — a4 and so the parameter oy without the need for any normalization. The parameter 7, is then
recovered from an intercept- type tail normalization of the composite error term encoded in Assump-
tion (ii1). In this sense, the second approach resembles an asymptotic linear quantile regression of
Qlog wnt| Dot (P) ON Qlog i, D, () at high levels of p: the slope 1 — oy is identified from the limit-
ing ratio of quantile differences, whereas the intercept logw + a4 log 74 is pinned down through a
normalization of the extremal tail of the composite error.

Thus, both approaches are fundamentally based on upper-tail identification. The first approach
relies on the upper tail of w,, conditional on (H,, D, ), whereas the second approach relies on
the upper tail of log w, ; and log H,,; conditional on D,, ;. Under both approaches, « is identified
through a slope argument. Instead, the recovery of 7, requires a normalization condition.

Under the first approach, the key restriction is a tail limit condition (Assumption (i1) of Propo-
sition [H.T). It requires that, conditional on human capital H, ;, the probability of working at firm d
upon receiving a very high potential wage w, (d) converges to a firm-specific constant ¢;(d), as the
lower bound for the potential wage to be considered large grows arbitrarily large (w — oo). This
stabilisation of selection in the upper tail allows the tail of the potential wage distribution to be recov-
ered from observed wages. Under the second approach, the key restriction is a dominance condition
(Assumptions (ii) of Proposition [H.3) on the quantile reminder of observed wages, which leads to
a relation between Qiogw, D, —d(P) and Qiog i, ,|D,.,—a(p) that is asymptotically (p — 1) affine.
From the identified slope and intercept of this relation, respectively, ay and ;4 can be recovered.

Case 2: H, ; is Unobserved with Unknown Distribution and Support. In this case, we proceed
in two steps. First, in Proposition we account for the fact that H; is unknown and work in the
human-capital rank space by mapping H,, , to its quantile (percentile) index via its CDF, namely,

y°(d,Upny) = y(d, Fy, (Uny)) and 0°(d,Uny) = o(d, Fy!,(Uny)),

defined on the support of U, ; rather than on the support of /, ;. Second, in Proposition we
assume that F,

€n,t

is known and that two values of H,;, h, and hy, corresponding to the values u,
and uy, of U, 4, are known to identify o, 74, and z.

Proposition H.4 (Identification of y°(d, U,,;) and 6°(d, U,,+)). Givend € Dandt € {1,...,T}, let
Uia C (0,1) be the set of realizations u of U, such that Pr(D,; = d | U, = u) > 0. For each
firmd € D and periodt € {1,...,T}, assume:
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(i) (Supports.) For each w € Uy g4, sup{w : Pr(w,(d) < w | Upy = u) < 1} = oo and
sup{w : Pr(w,; <w | Dy =d,U,; =u) < 1} = o0.

(ii) (Tail Limit.) There exists an (unknown) constant q:(d) € (0, 1] such that for every u € U, 4,
limy, oo Pr(Dn,t =d | Upy = u,wp(d) > w) = q(d).

(iii) (Tail Regularity.) For each w € U, 4, there exist (unknown) thresholds w,,; 4 < oo and wfftfd <
oo such that the cumulative distribution functions F,, (v, ,—u and Fuy, D, i=d,Up —u aT€

continuous and strictly increasing on (wy ;. 4,00) and (WS, 00), respectively.

(iv) (Normalization.) There exists a known u € Uy g with y°(d,u) = 0 and 0°(d,u) = 1.
Then, the functions y°(d,u) and 0°(d, u) are identified for each u € Uy 4 and d € D.

Proof: The claim is an immediate consequence of Proposition [G.2] after a change of conditioning
variable from the latent value H,,; to its rank U, ; = Fjg,, (H,,+). Note that this reparametrisation
is without loss, because by the probability integral transform, U,, ; is uniformly distributed on (0, 1),
and conditioning on f,, ; is equivalent to conditioning on U, ;. Since the support of /,, ; is unknown,
identification can only be stated for the rank-indexed objects y°(d, u) and o°(d, u) rather than for the
cardinal objects y(d, h) and o(d, h) at the unknown levels h. O

Proposition H.5 (Identification of F¢, ,). Suppose that Assumptions (i) to (iv) of Proposition
holds, which imply that y°(d,u) and o°(d,u) are identified for each d € D, u € U4, and t €
{1,...,T}. Moreover, for each firm d € D and periodt € {1,...,T}, assume ¢, ;(d) belongs to a
parametric family indexed by the p, 4 X 1 vector of parameters |, g € M, g C RP4? that is tail-ratio
identifiable. Namely, fix any u € Uy 4 and choose py q+1 thresholds 0 <wo <w; <--- < wy, ,. Define
the function ®, 4,,: M; 4 — RPt4 as

w1 —y°(d,u w —y°(d.u)
Sen,t(d) ( lo-oz(/dfjj ) ; Mt,d) Sen,t(d) < pt;-io (g7u) ; Mt,d)

(Dtdu(,utd)i: ) e
&y ’ wo—1y° d7u . wo—y° d,u .
€n,t(d) ( Oo.o?éd’(u) ) ) Mt,d) Sen,t(d) < Ooozzd’(u) ) ) Mt,d)

If O; 4., is injective, we say that €, (d) belongs to a parametric family that is tail-ratio identifiable.
Under these assumptions, for each periodt € {1,...,T}:

(a) (Marginal Identification.) The parameter i 4 is identified.

(b) (Joint Identification.) If the shocks {€,.(d) }4ep are mutually independent across d € D, then the
joint distribution of €, (d) is identified as the product of the identified marginals. Alternatively,
if a copula C,,, is specified so that

Fen,t (Ul, - ,U‘D‘) = C;Lt(an,t(l)(Ul; ,ut,l), . 7Fen‘t(|'D|)(fU|'D|; ,Ut,|D|>) \va (Uh o 7U\D\) c RID\7

and the copula parameter i is known, then the joint distribution is identified from the iden-
tified marginals and C,,,. The joint CDF is partially identified by the sharp Fréchet—Hoffding
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bounds, namely, for all (vy, . .. ,U‘D‘) e RIPI

maX{ %Fen,t(d)(vdsﬂmd) —(|D] - 1), 0} < F, (v1,...,0p) < {‘}ggFen,t(d)(Ud;Mud)-
S

Corollary H.2 (Identification of «g4, 74, and z). For each firm d € D and for some period t €
{1,...,T}, assume that:

(i) y°(d,w) and 0°(d, w) are identified for each u € U, 4 (see Proposition|H.4|for sufficient condi-

tions).

(ii) The distribution F,

€n,t

of €+ is identified (see Proposition II-E for sufficient conditions).

(iii) There exist two distinct ranks u, # w, in Uy 4 such that the corresponding levels of human

capital hy = F}}it(ua) and hy = F I';it(ub) are known to the researcher.
Then, ag, V4, and z are identified for each d € D.

Proof: The proof proceeds in three steps.
Step 1: Identification of oy from 0°(d, U, ;). Recall that

Pick two ranks u, # u; and the corresponding levels h, = FI}jt (ug) and hy, == Ff}i .(up). Then

0°(d,uq)  wygthy (ha>1—w

o°(d,up) w Yy hbl_ad ~ \h

Taking logarithms and rearranging terms yields that

log(0°(d, us)/o°(d, up))
log(ha/hs)

Qg = —

Hence, given knowledge of the two ranks u,, u; and their corresponding levels h,, hy, a4 is identified.
Step 2: Identification of 4 from 0°(d, U, +). Using any anchored pair (u,, h.) with x € {a, b},

O'O(d7u*) >l/ad

1—
why *d

o°(d,u.) = wAgth, T = %z:(

which identifies ,.

Step 3: Identify z from y°(d, U, ) and F, ,. Pick any anchored pair (u., h,) with x € {a,b}. Since

y°(d,us) = y(d, h,) is identified, (o4, v4) are now known, and F,
y°(d, u.)

Z = (1 — (5)(1 — CU) - 6Een,t~FEn7t[f(S(h*7en,t;waada’ydyé))}a

which completes the proof. O]

is known by assumption, z is

n,t

identified as
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